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1. Introduction 

A normal function on a complex manifold T is a special kind of holomorphic 
section of a bundle Jiy) — > T of compact complex tori constructed from a weight 
— 1 variation of Hodge structure V over T. Normal functions in their modern 
formulation arose in the work [13] of Griffiths as a tool for understanding algebraic 
cycles in a complex projective manifold. 

In this paper we give two examples to illustrate how normal functions might be 
a useful, if unconventional, tool for understanding the geometry of moduli spaces 
of curves. The first is to give a partial answer to a question of Eliashberg, which 
arose in symplcctic field theory [10]. Namely, we compute the class in rational 
cohomology of the puUback of the 0-section of the universal jacobian ^7"^ „ ^ 
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over the moduli space of n-pointed, stable projective curves of compact type of 
genus g along the section defined by 

n 

i^d : [C;xi,. . . , Xn] >-> ''^^dj[xj] S JacC, 

where d = (rfi,...,d„) G Z" satisfies = 0. This section is a normal 

function. 

The second application is to give an alternative and complementary approach to 
the slope inequalities of the type discovered by Moriwaki [32, 33] such as his result 
that the divisor class 

Ls/2J 

M := {8g + 4)Ai - gSo - ^ J2 - h)5h 

h=l 

on A4g has non-negative degree on all complete curves in Aig that do not lie in 
the boundary divisor A := Aig — Aig} (Here the Sh {0 < h < g/2) denote the 
classes of the components of A.) This alternative approach leads to actual and 
conjectural strengthenings of his inequalities: we show that the Moriwaki divisor 
M has non-negative degree on all complete curves in M.'^g and conjecture that M has 
non-negative degree on all complete curves in Aig that do not lie in the boundary 
divisor Aq := 'Mg - Mg. 

Each normal function section i/ of J(V) T determines a class c(j/) in H^(T,Y). 
When H'^{T,Yq) vanishes, the normal function u is determined, mod torsion, by 
its characteristic class c{iy). In such cases, there is a rigid relationship between 
normal functions and cohomology. When T = A^g,„, > 3, and V is a variation of 
Hodge structure corresponding to a non-trivial rational representation of Sp^ that 
does not contain the trivial representation, the group of normal function sections 
of J(V) is finitely generated and is known modulo torsion, [15, §8]. This result is 
recalled in Appendix A. When V corresponds to the fundamental representation 
of Spg, J(V) is the universal jacobian ^ over A4'g „ and the class of the puUback 
F^rig of the zero section of „ can be expressed in terms of the classes of certain 
basic normal functions defined on Ai'^ ^- 

All variations of Hodge structure V of geometric origin have a polarization] that 
is, an invariant inner product S : V®^ — > Q that satisfies the Riemann-Hodge 
bilinear relations on each fiber. When V has odd weight, the polarization is skew 
symmetric. Each invariant, skew-symmetric inner product S : V*^^ — > Q gives rise 
to a class S o c{vY in H'^{T, Q). It is the image of 0(1/)*^^ under the composition of 
the cup product with the map induced by S: 

H\T, V)®2 ff2(r, V®2) H'^iT, Q). 

The class S o c{vY has a natural de Rham representative which is a non- negative 
(1, l)-form when 5 is a polarization. Moriwaki's inequality for complete curves 
in Ai'g is an immediate consequence of this semi-positivity and the fact that the 
class of the Moriwaki divisor equals the square S o c(i/)^ of the class of the most 
fundamental normal function over Aig — viz., the normal function associated to 
the cycle C — C~ in JacC that was first studied by Ceresa [7]. 



A weaJcer version of this inequality had been proved previously by Cornalba and Harris in [6] . 
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When V is a weight —1 polarized variation of Hodge structure over T, there is 
a naturally metrized line bundle B over J(V), which is called the hiextension line 
bundle. The curvature of its puUback along a normal function y :T ^ J^) is the 
natural de Rham representative of 5 o c{v)'^. This line bundle extends naturally 
to any compactification T of T, even if V (and hence v) does not extend to T. 
This extension is characterized by the property that the metric extends across the 
codimension 1 strata of T — T. Surprisingly, this extension is not natural under 
pullback to a smooth variety as the metric on the extended line bundle may be 
singular on strata of codimension > 2 of T — T. This curious phenomenon is called 
height jumping. Height jumping and its relevance to refined slope inequalities is 
discussed in Section 14. 

The classes c{y) form part of a larger structure. When T = M.g,n they should 
be regarded as twisted tautological cohomology classes. To explain this, we need to 
introduce a certain graded commutative algebra associated to Mg^n- Denote the co- 
ordinate ring of the symplectic group Sp^ by O(Spg). Left and right multiplication 
induce commuting left and right actions of the mapping class group tti (A^g,„, *) on 
it via the standard representation TTi{Mg^n,Xo) — >■ Spg(Q). Using the right action, 
one obtains a local system O of Q-algebras over M.g,n- Since O is a local system 
of commutative Q-algebras, its cohomology 

■.= H'{Mg,n.O) 

is a graded commutative Q-algebra. The left Sp^-action on O gives it the structure 

of a graded commutative algebra in the category of Spg-modules. 

The algebraic analogue of the Peter- Weyl Theorem implies that there is an 
Spg X Spg-equivariant isomorphism 

o(Sp,) - End(y,)* - V, K y;, 

A A 

where {V^} is a set of representatives of the isomorphism classes of irreducible 
Spg-modules. There is thus an isomorphism 

Kn=^H'{Mg,n,^x)®V;: 
A 

where Va denotes the local system over AAg.n that corresponds to Vx. 

The classes c{v) are more fundamental than their squares S o c{v)^, which are 
known to be tautological classes. For this reason, we define the tautological subal- 
gebra T* „ of A* „ to be the graded subalgebra generated by the classes c{iy) (g) V^* of 
the normal function sections y of the J{Yx).^ It is finitely generated. The classifica- 
tion of normal functions [15] over A^g,n, and the work of Kawazumi and Morita [25] 
imply that the ring of Sp^-invariants (T'^J^f s is Fabcr's tautological ring Rg^n (in 
cohomology) [11] of Mg^n- The computations of Morita [31], Kawazumi and Morita 
[25], and those of this paper, may be regarded as computations in T*„. For this 
reason, we propose that the ring T*„ is more fundamental than its Sp^-invariant 
part Rg^n- It would be interesting to define and study a Chow analogue of T'^^. 
The significance of this algebra and its relation to normal functions is discussed in 
Appendix B. 

^Each Vx is the local system that underlies a polarized variation of Hodge structure over A^g,n- 
It is unique up to Tate twist. The only that admit non- torsion normal functions have weight 
-1. 
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Advice to the reader: Although normal functions have long been a part of algebraic 
geometry (examples were first considered by Poincare) , they are not currently part 
of the standard repertoire of modern algebraic geometry. Their modern definition 
(Definition 5.2), in terms of extensions of variations of Hodge structure, requires an 
understanding of variations of (mixed) Hodge structure. However, if the reader is 
prepared to believe that the local systems associated to locally topologically trivial 
families of algebraic varieties are motivic, and so are variations of mixed Hodge 
structure, then the definition should be natural. 

We assume the reader is familiar with the basic definitions and constructions 
of Hodge theory. In particular, the reader should know the definition of Hodge 
structures, mixed Hodge structures, and variations of Hodge structure. The book 
[35] by Peters and Steenbrink is a good source of basic material on these topics. 
The paper [18] contains a brief exposition of Schmid's work [40] on the asymptotic 
properties of variations of Hodge structure that emphasizes the case of degenera- 
tions of curves. Finally, the recent survey of normal functions [26] by Kerr and 
Pearlstein should be a useful supplement, although its emphasis is quite different 
from that of this article. 

Acknowledgments: I am grateful to Yasha Eliashberg for posing his question to 
me in 2001 and to Gavril Farkas for his interest, which resulted in this paper 
seeing the light of day. Theorem 11.1 was proved during visits to the University 
of Sydney and the Univcrsite de Nice during the author's sabbatical in 2002-03. 
Many thanks to both institutions for their support, and to my respective hosts, 
Gus Lehrcr and Arnaud Bcauville, for their hospitality. I am especially grateful to 
Samuel Grushcvsky, Robin dc Jong and Dmitry Zharkov for their interest in this 
work and for the constructive comments and corrections. Sam and Dmitry pointed 
out an error in the coefficient of in Theorem 11.1; Sam and Robin isolated the 
error, which was a missing term in the formula Theorem 10.4. 

I would also like to thank Gregory Pearlstein for his numerous constructive com- 
ments on the manuscript, and also Rcnzo Cavalicri for communicating his related 
results [5] with Steffcn Marcus. The section on the genus 1 case of Eliashberg's 
problem was written as a result of correspondence with him. Finally, I would like 
to thank the referee for helpful comments. 

2. Notation and Conventions 

All varieties (and stacks) will be defined over the complex numbers. Denote the 
moduli space of stable n-pointed curves of genus g by Mg^n- This is defined when 
2(7 — 2 + n > and will be viewed as a stack or as a complex analytic orbifold. As 
such, it is smooth. Denote the Zariski open subset corresponding to the set of n- 
pointed smooth curves by Mg^n and by Mg^n the Zariski open subset consisting of 
n-pointed curves of compact type. Note that „ = Mg,n — ^o, where Aq denotes 
the boundary divisor of Aig.n whose generic point is an irreducible, geometrically 
connected curve with one node. 

The moduli stack of principally polarized abelian varieties of dimension g will be 
denoted by Ag. The universal curve of compact type will be denoted by Cg — > Ai'g 
and its restriction to Aig by Cg. All of these moduli spaces are globally the quotient 
of a smooth variety by a finite group, [29, 1] . 
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Vector bundles, variations of (mixed) Hodge structure, etc on a stack T that is 
the quotient of a smooth variety S* by a finite group G, are G-invariant bundles, 
variations of (mixed) Hodge structure, etc, over S. Since all stacks that occur in 
this paper are of this form, we will not distinguish between stacks and varieties, as 
working on one of these stacks is working equivariantly on a finite cover that is a 
variety. 

The category of Z- mixed Hodge structures by MHS. For d G Z, the Hodge 
structure of type {—d, —d) whose underlying lattice is isomorphic to Z will be 
denoted by Z((i). We shall denote by TV the set HomMHs(2(0), V) of Hodge classes 
of type (0, 0) of the mixed Hodge structure V . The category of admissible variations 
of mixed Hodge structure over a smooth variety X will be denoted by MHS(X). 

All cohomology groups will be with Q coefficients unless otherwise stated. Sim- 
ilarly, the Chow group of codimension d cycles on a stack X, tensored with Q, by 
CH'^iX). 

3. Eliashberg's Problem 

To motivate the discussion of normal functions and related topics in subsequent 
sections, we begin with a brief discussion of the universal jacobian and Eliashberg's 
problem. Some readers may prefer to begin with Sections 4 and 5. Recall that 
a stable curve C of genus g is of compact type if its dual graph is a tree. This 
condition is equivalent to the condition that its jacobian JacG := Pic° G be an 
abelian variety. 

3.1. The universal jacobian. We begin with a review of the transcendental con- 
struction of the jacobian of the universal curve over Mg. This is a special case of 
Grifiiths' construction of families of intermediate jacobians and normal functions, 
which are reviewed in Section 5. 

First recall the transcendental construction of the jacobian of a smooth projective 
curve G, which we recast in the language of Hodge structures. It will be generalized 
in Section 5 where Griffiths intermediate jacobians are introduced. The Hodge 
Theorem implies that 

(1) H\C,C)=H^'°{C)®H°'\C) 

where H^'^{C) denotes the space H^{C,0,}y) of holomorphic 1-forms on G and 

H'^'^{C) its complex conjugate, the space of anti-holomorphic 1-forms. The first 
integral cohomology group H^{C,Z) endowed with the decomposition (1) is the 
prototypical Hodge structure of weight 1. Its dual 

is a Hodge structure of weight —1, where H~P'~'i{C) is defined to be the dual of 
HP'i{C). The Hodge fifiration 

iJi(G,C) = F-^Hi{C) D F°Hi{C) D F^Hi{C) = 0. 

of Hi (G) is defined by 

FPHi{C) = H'^\C). 

s>p 
s+t—-l 

The projection onto H^'^{C) induces an isomorphism 

iJi(G,C)/F° ^ if-i'°(G) ^ H°{C,9}c)* := Homc(if°(G, O^), C). 
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The composite 

is the map that takes the homology class of the 1-cyclc 7 to the functional 

j := {w j ^} ^ H^{C,n\,)*. 

It is injective and its image is a lattice. The jacobian of C is the quotient 

Jac C := i7°(C, 9}c)*/Hi{C, Z) = iJi(C, C)/(i?i(C, Z) + F"Hi{C)). 

Every divisor D of degree on C can be written as the boundary D = d-y oi & real 
1-chain 7. The Abel-Jacobi mapping 

{divisors of degree on C}/rational equivalence — >■ Jac (7 

is defined by taking the divisor class of the boundary of the 1-chain 7 to the func- 
tional . Abel's Theorem implies that it is a group isomorphism. This construc- 
tion works equally well when C is a curve of compact type. In this case, the Hodge 
structure on Hi (C) is the direct sum of the Hodge structures of its irreducible com- 
ponents. This construction can also be carried out for families of complete curves, 
where each fiber is either smooth or of compact type. Below we carry this out for 
the universal curve of compact type. The family of Hodge structures associated to 
such a family is an example of a variation of Hodge structure. 

To the universal curve tt : Cg — >■ Mg of compact type we associate the variation 
of Hodge structure 

H := R^n^Z 

and the corresponding holomorphic vector bundle H := M ®z Om''^- The fiber of 
T-L over the moduli point of C is H^{C,C). This bundle has a flat holomorphic 
connection V. The local monodromy transformations about the divisor Aq := 
■Mg.n n ^''C given by the Picard-Lcfschctz formula and arc therefore unipotent. 
Consequently, H has a canonical extension (in the sense of Deligne [8]) to a vector 
bundle H over Mg.^ It is characterized by the property that the connection is 
regular and that its residue at each smooth point of Aq is nilpotent. Since the 
monodromy of H about Aq is non-trivial, the local system H does not extend 
across Aq. Consequently, -Mg ^ is the maximal Zariski open subset of Mg^n to 
which H extends. 

The Hodge bundle F := T^T-L \s the sub-bundle of T-L whose fiber over the moduli 
point of C is H^'^{C). It is holomorphic and extends, by a result of Deligne [8], to 

a holomorphic sub-bundle of T of T-L."^ (See [18, §4] for an exposition.) There is 
a natural projection T ^ Jg from the dual of the Hodge bundle to the universal 
jacobian, which is a covering map on each fiber. The kernel of the projection 

fc -> Jg,C 



See [18] for a concise exposition. 
^The fiber Tc of the Hodge bundle over the stable curve C can be described as follows. Denote 
the normalization of C by : C — > C Let D C C be the inverse image of the double points of C. 
Then "He is the subset of H^{C, Qq(D)) consisting of those w such that Resp w + ResQ w = 

whenever P ^ Q and v{P) = i^iQ)- It is naturally isomorphic to F^H^{C^) where H^{Cs) 
denotes the limit MHS on the first order smoothing C^j of C associated to a tangent vector v of 
Mg at [C] which is not tangent to the boundary divisor. 
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at the moduli point of the stable curve C is Hi{C — C^^'^^jZ), the first integral 
homology of the set of smooth points of C; the inclusion Hi{C — C^'"^, Z) ^ Tc is 



the integration map. The restriction of Jg to A^g 



is a HausdorfF complex 



analytic orbifold, a fact which follows, for example, from [44, Prop. 2.9]. It is the 
analytic orbifold associated to the restriction of the universal Pic*^ stack over M.g 
\.o Mg — Ag"^, which is constructed in [3]. 

Observe that the fiber of Jg — > M.g over the moduli point of a stable curve C is 
an abelian variety if and only if C is of compact type. From the construction, it is 
clear that the normal bundle of the zero section of Jg is the dual T of the Hodge 
bundle. 

3.2. Eliashberg's question. Suppose that 2g — 2 + n > 0. Given an integer vector 
d = (di, . . . , dn) with dj = 0, we have the rational section Fa 



Fa 



■Mg,n - 

of the universal jacobian defined by 

Fd ■■ [C;xi, ...,Xd] 



e JacC 



when C is smooth. It is holomorphic over Adg^n — Aq"^, the complement of the 
singular locus of Aq. 

Denote the class of the zero section of Jg in H'^^{Jg,Q) by rjg. 

Problem 3.1 (Eliashberg) . Compute the class in ff^f (ATg,„ - A™^) of the puUback 
F^r]g of the zero section of Jg. 

Denote the jth Chern class of the Hodge bundle by Xj. When all dj are zero, the 
section F^ is defined on all of A4g,n- Since the normal bundle of the zero section is 
J^, the dual of the Hodge bundle, we have: 

Proposition 3.2. If d = 0, then F*T]g = {-l^Xg € H'^3(j4g^ri,Q)- 
Remark 3.3. This result also holds in the Chow ring. 



4. Families of Compact Tori 

The restriction of the universal jacobian to Al^ „ is a family of compact tori. 
This section is a discussion of some general properties of families of compact tori. 

Definition 4.1. A family of compact (real) r-dimensional tori is a smooth fiber 
bundle / : T — >■ B, each of whose fibers is a compact, connected abelian Lie group. 
This bundle is locally (but typically not globally) trivial as a bundle of Lie groups. 

We shall assume throughout that B is connected. The identity section will be 

denoted hy s : B ^ T. Denote the fiber of T over b e B hy Ti,. 

For a coefficient ring R, denote the local system over B whose fiber over b is 
Hi{Ti), R) by Mji. The following assertion is easily proved. 
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Proposition 4.2. If f : T ^ B is a family of compact tori, then there is a natural 
bijection 

T ^ Hr/Hz 

which commutes with the projections to B and is a group homomorphism on each 
fiber. □ 

The flat structure on Hr descends to a flat structure on T = Hr/Hz. 

Corollary 4.3. Every bundle of compact tori has a natural fiat structure in which 
the torsion multi-sections are leaves. Equivalently, a bundle of compact real tori 
has a natural trivialization over each contractible subset of B in which the torsion 

sections are constant. □ 

4.1. The class of a section. Each section s of a family T ^ B of compact tori 
determines a class c(s) e i?^(B,HIz). We review three standard constructions of 
this class. 

The first is sheaf theoretic. Denote the sheaf of C°° real- valued functions on B 
hy £b- The flat vector bundle associated to Hk has sheaf of sections H := Hk^k^b. 
Denote the sheaf of smooth sections of T — > B by T. Then one has a short exact 
sequence 

of sheaves. Taking cohomology yields the exact sequence 

^ H°{B,mz) ^ H°{B,n) ^ H°{B,T) ^ H\B,mz) ^ 0. 

The connecting homomorphism is well defined up to a sign. With the appropriate 
choice it takes a section s to its characteristic class. Note that the vanishing of c(s) 
implies that s is homotopic to the zero section. Thus H^{B,M.z) can be identified 
with the group of homotopy classes of smooth sections of T — > B. 

The second description is obtained by regarding H^{B, Hz) as congruence classes 
of extensions 

0-)-Hz^E^ZsH.O 

of local systems over B. Given a section s of T — >^ B, we can construct such an 
extension E as the local system whose fiber over b € B is iIi(76,Z), where 

Tj, := n [0, 1] 
where h{0) = and h{l) = s{b). There is a short exact sequence 

in which Hi{[0, 1], {0, 1}) is identified with Z by taking the generator to be the class 
of a path from 1 to 0. 

When s{b) ^ 0, Hi{fb) ^ Hi{Tb, {0, s{b)}) ^ H'-^Tb - {0,s{b)}). The first 
description of c is determined only up to a sign. This description fixes the sign. 

The third description uses de Rham cohomology. Each b E B has an open 
neighbourhood U where s lifts to a section s : U — >■ 7^ of the flat vector bundle H. 
When U is connected, such a lift is unique up to translation by a local section of 
Hz- The 1-form ds on U with values in Hr is therefore independent of the choice of 
the lift s. The de Rham representative of c(s) is the class that is locally represented 
by ds. 
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4.1.1. Equivalence of these constructions. Here is a quick sketch of the equivalence 
of these definitions. Choose an open covering W = {Ua} of T such that Uaor\- ■ -PiUag 
is contractible for all multi-indices (ao,...,ag). Such an open covering can be 
constructed by taking each Ua to be a geodesically convex ball with respect to some 
riemannian metric on T. The complex C'{U,F) of Ccch cochains with coefficients 
in F computes H*{T,T) when is Hz, Hr, % and T. Suppose that s is a smooth 
section of T — >• B. Its restriction to Ua can be lifted to a section s„ of "H. The 
difference Caf3 ■= sp — Sa is a section of Hz over U^ n U^. The class of c(s) is 
represented by the cocycle c^^ € C^(iY, Hz). 
The class of an extension 

^- Hz E Zt ^- 0. 

is computed by choosing sections e„ of E — >■ over each Ua- The class of the 

extension is represented by the cocycle (e^ — ea)a0 G Hz). In the case above, 

one can take the local section Ca to be the class in i?i(T(,, {0, s{b)}) of the image 
of the path in the universal covering M.K,b of Tb that goes from to Sa{b)- Then 
6/3 — e^j = Caf3, as required. 

Denote the de Rham sheaf of smooth M- valued forms on T by Standard 
arguments imply that the inclusions 

C'{U, Hr) ^ C'iU, £^ O Hr) ^ £^ ® Hm 

induce isomorphisms on homology. The standard zig-zag argument implies that the 
class of the cocycle (ca/?) is represented by the clement of 

whose restriction to Ua is dsa- 

4.2. Invariant cohomology classes. The flat structure of a family of compact 
tori T ^ B can be used to construct natural de Rham representatives of cohomology 
classes on T. We will say that a differential form on a manifold M with a foliation 
£ is parallel with respect to C if the Lie derivative of w with respect to each vector 
field tangent to C vanishes. A family of tori is foliated as it is a flat family of tori. 

The following lemma is proved in [23, Lemma 5.1]. 

Lemma 4.4. 7/ / : T — >■ B is a family of compact tori, there is a natural mapping 

a : H°{B,R''f^R) H''{T,R) 

whose composition with the projection 

H''{T,R) iJ"(B,i?V*K) 

is the identity. Moreover, for each u G H^{B,R'' f^M), the extended class a{u) has 
a natural differential form representative Wu whose restriction to each fiber is a 
closed, translation-invariant differential form, and which is parallel with respect to 
the flat structure. This class has the property that its restriction to every leaf (such 
as the zero section and every torsion multi-section) is zero. □ 

4.3. The Poincare dual of the zero section. Let r be the real dimension of the 
flber oi f -.T ^ B. li B and T are oriented and B is connected, then 

H"{B,R'^f^R) =R. 

Let u be the element of this group whose value on one (and hence all) fibers is 1. 
Denote the class a{u) G H''{T,R) by ip. 
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Proposition 4.5. // the base B is a compact manifold (possibly with boundary), 
then the Poincare dual of the zero section is ip. 

Proof. Set d = diniRB. For e € Z define [e] : T — > T to be the map whose 

restriction to each fiber is multiplication by e. Since [e] induces multiplication 
by e*^ on R'^f^Q, it follows that the Leray spectral sequence degenerates at £^2- 
It also follows that the eigenvalues of the induced mapping [e]* on H^{T) lie in 
{1, e, . . . , e^}. Since none of these eigenvalues is zero when e 7^ 0, [e]* is invertible 
on rational cohomology when e 7^ 0. Similar assertions hold for the homology 
spectral sequence 

Hs{B,dB-mt) =^ H,+t{T,dT), 
where Ht denotes the local system whose fiber over 6 e -B is Ht{Th). Since 

Hr+d{T,dT) = Hd{B,dB;mr) 

it follows that [e]*[T] = e^[T], where [T] denotes the fundamental class of {T,dT). 

Now assume that e > 1. Then the collapsing of the Leray spectral sequence 
implies that the dimension of the e''-eigenspace of H^(T) is one. Since the form 
that naturally represents ip has the property that 

[e]*w^ = e'^w^, 

and since ip is non-trivial (as it has non trivial integral over a fiber), it follows that 
ip spans this eigenspace. 

Note that the class [Z] e Hd{T,dT) of the zero-section is an eigenvector of 
[e]» with eigenvalue 1. Denote the Poincare dual of the zero section by t}z- It is 
characterized by the property that 

[T]r^nz = [Z]&Ha{T,^T), 

where fl denotes the cap product [41, p. 254] 

n : Hd+r{T, dT) ® H^{T) ^ Hd{T, OT). 

Since e^[Z] = [Z], standard properties of the cap product [41, Assertion 16, p. 254], 
we have 

[e].([T] n [e]*riz) = ([e]^^]) n 77Z = e-[T] n jjz = [e]*([T] n e^rjz). 

Since [e]* and capping with [T] are both isomorphisms, it follows that [e]*r]z = e^rjz- 
Since rjz and tp both lie in the e'^-eigenspace and agree on each fiber, they are 
equal. □ 

Since the normal bundle of the zero section Z is the flat bundle Hr, the Euler 
class of the normal bundle of Z vanishes in rational cohomology. 

Corollary 4.6. The restriction of the Poincare dual of the zero section Z of a 
family of compact tori to Z vanishes in rational cohomology. □ 

Combined with Proposition 3.2, this implies the well-known property of the top 
Chern class of the Hodge bundle. 

Corollary 4.7. The restriction of Xg to Mg vanishes in rational cohomology. 
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4.4. The class S o c(s)^. Suppose that f : T ~> B is a flat family of tori and that 
H is the corresponding local system such that T = Hr/Hz- A flat, skew-symmetric 
inner product 5 : Hr (g) Hr M gives an element of H°{T, R'^f^Rx)- Lemma 4.4 
implies that S determines a closed 2-form on T. It is characterized by the 
properties: 

(i) its restriction to the fiber of T is the translation invariant 2-form on Tf, 
that corresponds to S, 

(ii) it is parallel with respect to the flat structure on T, 

(iii) its restriction to the zero-section of T is zero. 

The following result is easily proved using the de Rham description of c(s). 

Proposition 4.8. If s is a holomorphic section of T ^ B, then the form s*<j)s 
represents the cohomology class S o c(s)^ e H'^{T, M). □ 

5. Normal Functions 

Normal functions are our primary tool. They are holomorphic sections of families 
of intermediate jacobians that satisfy certain infinitesimal and asymptotic condi- 
tions. In this section, we recall Griffiths construction of intermediate jacobians 
and of the normal function associated to a family of homologically trivial algebraic 
cycles in a family of smooth projective varieties. 

5.1. Intermediate Jacobians. Suppose that F is a compact Kahler manifold 
and that Z is an algebraic d-cycle in Y where < d < dimY. One has the exact 
sequence 

^ H2d+i(Y) ^ H2d+i{Y,Z) ^ H2d{\Z\) ^ H2d{Y) 

of integral homology groups associated to the pair {Y,\Z\), where \Z\ denotes the 
support of Z. It is an exact sequence of mixed Hodge structure. The class of the 
cycle Z defines a morphism of mixed Hodge structures 

cz : ^ H2d{\Z\), 

where Z((i) denotes the Hodge structure of type {—d, —d) whose underlying lattice 
is isomorphic to Z. If Z is null homologous, we can pull back the above sequence 
along Cz to obtain an extension 

^ H2d+iiY) ~^Ez^ Z{d) ^ 

in MHS, the category of mixed Hodge structures. Tensoring with Z(— d) gives an 
extension 

^ H2d+i{y, H-d)) ^ Ez{-d) ^ Z(0) ^ 
and thus a class ez in 

Exti,Hs(Z(0),^^2d+i(r,Z(-d))). 

Note that, since H2d+iiY) has weight —{2d-\- 1), H2d+iiy,'^{—d)) has weight — 1. 

Suppose that F is a Hodge structure of weight —1 whose underlying lattice Vz 
is torsion free. The associated jacobian 

J{V) := Vcl{V^ + F'^Vc) 

is a compact complex torus. In general, JiV) is not an abclian variety. When V is 
the weight —1 Hodge structure H2d+i{Y,'L{—d)) (mod its torsion), JiV) is the dih. 
Grifiiths intermediate jacobian of Y. 
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There is a natural isomorphism (see [4] or [35, §3.5], for example) 

E^tly,s{m,V) = J{V). 

The class ez of a homologically trivial rf-cycle Z inY can thus be viewed as a class 

ez e J{H2d+i{y,^d))) 

in the dth Griffiths intermediate jacobian. This class can be described explicitly by 
Griffiths' generalization [13] of the Abel-Jacobi construction , which wc now recall. 
First observe that the standard pairing between H2d+i{Y) and H^'^^^{Y) induces 
an isomorphism 

H2d+iiYM-d))/F'' ^ Romc{F''+'H^''+\Y),C). 

The natural mapping H2d+i{Y,'^{-d)) -5- H2d+i{Y,'^{-d))/F° corresponds to the 
integration mapping 

H2d+i{Y,Z) ^ Homc(f '^+1h2'^+1(F),C) 

that takes the homology class z to ^ i->- J^^. A homologically trivial d-cycle Z in 
Y can be written as the boundary dT of a (topological) {2d + l)-chain T. Note 
that r is well defined up to the addition of an integral {2d + l)-cycle. Classical 
Hodge theory implies that each element u of F'^~^^ H^''''^^ {Y) can be represented by 
a closed C°° form ^„ in the {d + l)st level of the Hodge filtration on the de Rham 
complex of Y and that any two such forms differ by the exterior derivative of a 
form in the same level of the de Rham complex. The point ez is represented 

by the element 




of 

Romc{F^+'H^^+\Y),C)/H2d+i{Y,Z) - J(i/2<i+i(r, Z(-rf))). 

Stokes' Theorem implies that the image of this functional in the intermediate jaco- 
bian depends only on Z and not on the choice of F or 

This construction generalizes the classical construction for 0-cycles on curves that 
was sketched in Section 3. More generally, it generalizes the classical construction 
for 0-cycles, where J{Hi{Y)) = AlbF, and for divisors, where J{H2d-i{Y)) = 
Pic°y andrf = dimy. 

5.2. Normal Functions. Suppose that X is a complex projective manifold and 
that X = X — D where D is a normal crossings divisor in X. Suppose that V is 
a variation of Hodge structure over X of weight —1. Denote by J(V) — > X the 
corresponding bundle of intermediate jacobians; the fiber over x € X is J(V^), 
where Vx is the fiber of V over x. It is a family of compact tori. 

The discussion of Section 4.1 implies that a holomorphic section v : X ^ -^(V) 
determines a cohomology class c(z/) € {X, V) and a local system E — >■ X which 
is an extension 

The point iy{x) <E J{Vr) = Extj^|_|s(Z(0), T4) determines a mixed Hodge structure 
on the fiber of E over x G X so that 

O^V^^Ex^ Z(0) ^ 

is an extension in MHS. That is holomorphic implies that this family of MHSs 
varies holomorphically with x G X. 
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Example 5.1. Families of homologically trivial algebraic cycles give rise to such 
extensions. Suppose that y is a complex projective manifold and that f : Y ^ X 
is a morphism whose restriction to X is a family F — >■ X of projective manifolds. 
Suppose that that Z is an algebraic d-cycle in Y such that the restriction of Z 
to the fiber over each a; G X is a homologically trivial d-cycle in Y^. Applying the 
construction of the previous section fiber-by-fiber, one obtains an extension Ez of 
Zx(0) by the variation of Hodge structure V of weight —1 whose fiber over x £ X 
is V,. = H2d+i{yx,'^{—d)). The family {Ex}xex of extensions of MHS corresponds 
to a holomorphic section v of the bundle J(V) X oi intermediate jacobians. 

The section v is not an arbitrary holomorphic section. It satisfies the Griffiths ' 
infinitesimal period relation^ at each x G X and also satisfies strong (and technical) 
conditions as Yx degenerates. A succinct way to state these conditions is to say 
that the corresponding family E of MHS is an admissible variation of MHS in the 
sense Steenbrink-Zucker [42] and Kashiwara [24] . (The definition and an exposition 
of admissible variations of MHS can be found in [35, §14.4.1].) 

All "naturally defined local systems" over a smooth variety X that arise from 
families of varieties over X, such as the one constructed in Example 5.1, are admis- 
sible variations of MHS.^ The admissibility conditions axiomatizc the infinitesimal 
and asymptotic properties satisfied by such geometrically defined local systems. 

Definition 5.2 (Hain [15, §6], Saito [39]). A section ly of a family J(V) X oi 
intermediate jacobians is a normal function when the corresponding family of MHS 
E is an admissible variation of MHS. 

The preceding discussion implies that the section v of J(V) — > X associated to 
a family of null homologous cycles is a normal function. Several concrete examples 
of normal functions over moduli spaces of curves will be given in Section 5.5. A 
detailed discussion of normal fimctions can be found in [26, §2.11], where they are 
called admissible normal functions. 

Denote the category of admissible variations of mixed Hodge structure over a 
smooth variety X by MHS(X). It is abclian. The definition of normal functions 
implies that normal function sections of J(V) X correspond to elements of 
Ext^HS(x)(^x(0): '^)- the appendix to [19] it is proved that one has an exact 
sequence 

(2) ^ ExtJ,Hs(^(0),J?°(^,Vz)) 4 Extjl,HS(x)(Zx(0),Vz) 4 H\X,Y^) 

where S takes a normal function u to its class c(i^). An immediate consequence is 
the following rigidity property of normal functions. 

Proposition 5.3. If H°{X,Yq) = 0, then the group Ext^HS(x)(^(0)x) Vz) is 
finitely generated and each normal function section u of Jiy) is determined, up to 
a torsion section, by its class c(z^) € H^{X,Y). 

5.3. Extending normal functions. The following result guarantees that the nor- 
mal functions that we will define over Mg^n extend to A^g,„- A proof can be found, 
for example, in [15, Thm. 7.1]. 

^This states that if i> is a local holomorphic lift of a normal function u to a section of E ® Ox , 
then its derivative VP is a section of ^ (E Ox ) . 

''These results are due to Steenbrink-Zucker [42], Navarro et al [12] and Saito [38]. Precise 
statements can be found in [35, Thm. 14.51]. 
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Proposition 5.4. Suppose thatY is a variation of Hodge structure of weight — 1 
over a smooth variety X. If v is a normal function section of J(Y) that is defined 
on the complement X — Y of a closed suhvariety Y of X, where Y ^ X, then v 
extends across Y to a normal function section of J(V) over X. 

Note that, in this result, the variation V is defined over X , not just over X — Y. 
The proposition asserts that normal functions defined generically on X extend to 
X. It does not assert that if V is defined only over X — Y, then a normal function 
section of J(V) over X — Y will extend to X. Before discussing this problem, one 
first has to construct an extension of J(V) to X. The existence of such extensions 
is discussed in [44] and [26], for example. 

5.4. Some variations of Hodge structure. Denote the moduli stack of princi- 
pally polarized abclian varieties of dimension g by Ag. Here we introduce three 
variations of Hodge structure over Ag whose pullbacks to Mg .^ have a special 

geometric significance. Throughout we suppose that g > 2. 

Denote the universal abelian variety over Ag by / : A" — >■ Ag. The local system 

H:=i?V,Z;t(l) 

is a variation of Hodge structure over Ag of weight —1. Its pullback to Mg^ along 

the period mapping Ai'g „ — > Ag will also be denoted by H. The corresponding 
family of intermediate jacobians J(IHI) over Ag is naturally isomorphic to X, the 
universal principally polarized abelian variety. 

The construction of the universal jacobian J'g in Section 3 implies that its re- 
striction to is a bundle of intermediate jacobians. 

Proposition 5.5. If g>2, then J{S) — >■ Ag is naturally isomorphic to the univer- 
sal abelian variety and its pullback to A4g is isomorphic to the universal jacobian 

JC 

The canonical polarization defines a morphism Sh : H (8) H — > Z(l) into the 
constant variation of Hodge structure Z(l). It can be regarded as a section of 
(A^]HI)(— 1), which we shall also denote by Sh- 

Denote by L the variation of Hodge structure (A^1HI)(— 1). It has weight — 1. 
Wedging with Sh defines an inclusion 

H ^ L, X 1-^ X A Sh 

of variations of Hodge structure. Set V = L/H. Note that when (/ = 2, L = H and 
V = 0. Denote the fibers of H, L and V over the moduli point of JacC by He, Lq 
and Vc, respectively. 

Remark 5.6. The variation L over Ad'g is isomorphic to the variation R^i:^'L{2) 
where tt : Jg ^ Mg denotes the projection. Its fiber over [C] is if"^(Jac C, Z(2)). 
The twist Z(2) lowers the weight from 3 to —1. Its quotient V is an integral form 
of the Q- variation of Hodge structure whose fiber over [C] is the primitive part of 

i/3(JacC,Q(2)). 

5.5. Normal Functions over M'g and „. Suppose that g > 1. An irreducible 
representation V of Sp^ determines a variation of Hodge structure V over M.g,n that 
is unique up to Tate twist. Since every such variation of Hodge structure V extends 



■^This is very well-known. A proof can be found, for example, in [15, §9]. 
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to Aig „, Proposition 5.4 implies that every normal function section of J(V) defined 
over Mg^n extends to a normal function on A4g „. 

By Proposition 5.5, the bundle of intermediate jacobians that corresponds to 
the fundamental representation of Sp^ is the puUback of the universal jacobian 
J(H) = Jg to Mg n- Its group of sections Extj^HS(>ig i)(^(0)>^) free of rank 
1. Its generator IC is the normal function that takes the moduli point [C,x] of the 
pointed curve (C, x) to 

K:{[C,x]) := (2g - i)[x\ - Kc e Jac(C) 

where Kc denotes the canonical divisor class of C. 

When n > 1, we can pull back K. along the jth projection Adg^n — > -^3,1 to 
obtain the normal function 

ICj : Mg,n ^ J{M) j = l,...,n. 

Explicitly 

KjiiCx^,. . .,Xn]) = {2g - 2)[xj] -Kc& Jac(C). 
When n > 2 we also have the normal functions 

'Dj,k : Mg,n ^(H) l<j<k<n 

defined by 

Vj^kilC.xi,. . . ,x„]) = [xj] - [xk] e Jac(C). 

Proposition 5.7 (cf. [15, Thm. 12.3]). If g > 3 and n > 2, then the group of 
normal function sections (indeed, all sections) of J{M) — >• Adg^n is torsion free and 
is generated 6y /Ci, . . . , /C„ and the Vj^k where 1 < j < k < n. 

The most interesting normal function over A4g_n is constructed from the Ceresa 
cycle in the universal jacobian. Suppose that C is a smooth projective curve of 
genus g >3 and that x € C. Then one has the imbedding 

fix '■ C ^ Jac C 

that takes y to [y] — [x] . Its image is an algebraic 1-cyclc in Jac C that wc denote 
by Cx- Let i be the involution u —u of JacC. Set C~ = i^Cx- Since i* : 
i?^(JacC) H^{3a,cC) is multiplication by -1, it follows that i* : i?'^(JacC) 
H^{i&cC) is multiplication by (—1)'^. This implies that the 1-cycle Cx — C~, called 
the Ceresa cycle, is homologically trivial. It therefore determines a class 

and a normal function: 

J(L) ^ Mg,l 

whose value at [C,x] is UxiC). The inclusion H ^ L induces an inclusion 

J : Jg,i = J(H) ^ J(L). 

It is proved in [36] that if a;, y G C, then 

Ux{C)-i>y{C) = 2j{[x]-[y])GJ{Lc) 

so that the image t'(C) of VxiC) in J{Vc) does not depend on the choice of a; e C. 
This implies that D is pulled back from a normal function 

j(y)Z^Mg. 
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We will abuse notation and also denote its pullback to Aig,n by v. 

Proposition 5.8 ([15, Thm. 8.3]). If g > 3 and n > 0, then the group of normal 
function sections o/ J(V) — >■ Mg^n is freely generated by u. 

Proposition 5.4 implies that the normal functions u,Kj,5j^k extend canonically 
to normal functions over A^g_i- 

6. BiEXTENSiON Line Bundles 

This section is a brief review of facts about biextension line bundles from [14], 
[28] , and [23] . It is needed to prove that the square of the class of a normal function 
extends naturally to a class on Mg^n even though the normal function itself does 
not extend. 

Suppose that U is a variation of Hodge structure over an algebraic manifold X 
of weight —1 endowed with a flat inner product S that satisfies the condition 

S e HomMHs(^7f^Z(l)) for all x € X. 

Equivalently, 

SiUP'",!/^) = unless p = r and q = s. 

Set U := Homz(U, Zx(l)). This also a variation of Hodge structure of weight —1. 
There is a natural isomorphism 

Exti,HS(x)(Zx(0),U) - Exti,HS(x)(U,Zx(l)). 

The biextension line bundle B is a line bundle over J(U) xx J(U). Denote the 
associated Gm-bundle by B*. The fiber of the projection 

(3) B* J(U) Xx J(U) X 

over X £ X is the set of all mixed Hodge structures whose weight graded quotients 
are Z(0), Vx and Z(l) via a fixed isomorphism. These are called biextensions. A 
detailed exposition of the construction of B is given in [23, §7]. 

A (Hodge) biextension is a section (5 of (3) that corresponds to an admissible 
variation of MHS B over X with weight graded quotients Zx(0), U and Zx{l)- Its 
fiber over x G X is the biextension /3(a;). The composite of a biextension /3 with 
the projection B* — > ^(U) Xx J(^) is a pair of normal functions that determines 
the extension M/Z{1) of Zx(0) by U and the extension W-iM of U by Zx{l). The 
biextension line bundle has a canonical metric j ]b- A biextension /3 thus determines 
the real- valued function log |/5|e : X — > M. 

The pairing S also defines a morphism U ^ U of variations of Hodge structure 
over X, and therefore a map is ■ J(U) — > J(ILJ). Pulling back the line bundle B 
along the map 

(id,is): J(U)^ J(U)xx J(U) 
we obtain a metrized line bundle B — >■ J(U). By [23, Prop. 7.3], the curvature of 
B is the translation-invariant, parallel 2-form 2oJs on J(U) that corresponds to the 
bilinear form 2S. Points of the associated C*-bundle B* correspond to "symmetric 
biextensions" . 

Denote by (l>s S i?^(J(U)) the class of wg. Since 2ojs represents ci(S), the class 
2(/)s is integral. 

Suppose now that X = X — Y, where X is smooth and y is a subvariety. Each 
normal function section v of J(U) thus determines a metrized holomorphic line 
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bundle iy*B over X. One can ask whether it extends as a metrized hne bundle 
to X. Lear's thesis [28] implies that a power extends to a continuously metrized 
holomorphic line bundle over X — y^^s. 

Theorem 6.1 (Lear [28]). If dim X = 1 and v is a normal function section of 
J(U) X, then there exists an integer N > 1 such that the metrized holomorphic 
line bundle v*i3®^ over X extends to a holomorphic line bundle over X with a 
continuous metric. Moreover, if 13 is a biextension section defined over X that 
projects to v, and ifV) is a disk in X with holomorphic coordinate t that is centered 
at a point of X — X, then there is a rational number p/q, which depends only on 
the monodromy about the origin ofBi, such that 



is bounded in a neighbourhood oft~0. 

Note that the continuity of the metric ensures that the extension is uniquely 
determined. Since X is smooth, every line bundle over X — F®"^s extends uniquely 
to a line bundle over X. Lear's Theorem thus implies the following result in the 

case dimX > 1. 

Corollary 6.2. If v is a normal function section of J(U) — > X , then there exists 
an integer N > 1 such that the metrized holomorphic line bundle ii*B®^ over 
X extends to a holomorphic line bundle Bn,v over X and its its metric extends 
continuously over X — y»™e. 

This result implies that the class j^*(/)s G II'^{X) of i'*u)s has a natural extension 
to a class in II^{X)] namely Ci{Bn^^)/2N. 

Corollary 6.3. // v is a normal function section of J(U) — >■ X , then the class 
1^*41 s has a natural extension to a, class v*<j3s G H^{X). 

Lear's Theorem implies that the multiplicity of each boundary divisor in i'*(f>s 
is determined by the asymptotics (4) of the restriction of the biextension to a disk 
transverse to the boundary divisor. 

The previous result suggests that 1^*103, regarded as a current on X, is a natural 

representative of h'*4>s- 

Conjecture 6.4. If X is a curve, then the 2-form i'*0Js is integrable on X and 



It is known that, in general, the metric does not extend continuously over y*'™^ 
due to the phenomenon of "height jumping" which we shall discuss in Section 14 
and which has been explained by Brosnan and Pearlstein in [2]. 



(4) 



iog\m\B-- 



log|i| 




7. Polarizations 



Polarizations play an important and subtle (if sometimes neglected) role in Hodge 
theory due to their positivity properties. 
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7.1. Polarizations. A polarization on a Hodge structure H of weight is a (— l)*' 
symmetric bilinear form S on satisfying the Riemann-Hodge bilinear relations: 

(i) S{HP''',TF^) = unless p = r and q = s; 

(ii) iP-'JS{v,v) > when v € HP'<i and v^Q. 

A bilinear form 5 is a weak polarization on H if it satisfies the first condition and 
the weaker version iP~'^S{v,v) > for all v G H^''' of the second. 

Suppose that F is a smooth projective variety of dimension n. Denote the 
hypcrplane class by w. For k < n, define a bilinear form S on H'' (Y) by 

(5) S{u,v) = J uAvAw"-''. 

This is a non-dcgcncratc, (—1)'^ symmetric bilinear form. However, it is not a polar- 
ization in general. The Ricmann-Hodgc bilinear relations imply that the restriction 
of (-1)''(''~^)/2S' to PH^{Y), the primitive part of H^iy), is a polarization. These 
provide the principal examples of polarized Hodge structures. 

A variation of Hodge structure V over a base X is polarized by 5 if 5 is a flat 
bilinear form on the variation which restricts to a polarization on each fiber. 

7.2. Some polarized variations of Hodge structure over Ag. The variations 

H. L and V defined in Section 5.4 have natural polarizations. The Riemann bilinear 
relations imply that the variation H over Ag is polarized by the inner product Sr 
introduced in Section 5.4. The corresponding polarization is easily described on 
the pullback of H to AAg. In this case, the fiber He of H over the moduli point 
[C] of a smooth projective curve C is iJ^(C, Z(l)). Under this isomorphism, 5*^- 
corresponds to the inner product 

S{u,v) = I uAv. 
Jc 

on ffi(C). 

The intersection form Sh extends to the skew symmetric bilinear form 

51, : L (g) L Z(l) 

defined by 

Sl{xi a X2 a X3, j/1 a 2/2 a j/3) = det(5if (.T,;. y^)). 
Note that this is not dual to the inner product S on _ff'^(Jac C)(l) defined in equa- 
tion (5) above as is easily seen by a direct computation. 

Denote the fiber A? He of L over [C] by Lc and the fiber of V over [C] by Vc- 
Define c : Lc He by 

(6) c{x Ay Az) = SH{y, z)x + Sh{z, x)y + Sh{x, y)z. 

Regard Sh as an element of A^iJ^. The canonical projection p : Lq Vc has a 
canonical Sp^-invariant splitting j. It is defined by 

jip{x Ay A z)) = x Ay A z — Sh A c(x A y A z)/{g — 1). 

A skew symmetric bilinear form on V can be defined by 

Sv{u,v) = {g- l)SL{j{u),j{v)). 

This form is integral and primitive. 

Proposition 7.1. The variations {M,Sh), {^,Sl) and {Y,Sv) are polarized vari- 
ations of Hodge structure over Ag, as are their pullbacks to -Mg ^^. 
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Proof. We have already seen that (H, Sh) is a polarized variation of Hodge struc- 
ture. For the rest, it suffices to show that A^Hi{C) is polarized by Sl- To do this, 
choose a basis Ui,. . . ,Ug of H~^'° that is orthonormal under the positive definite 
hermitian inner product 

{u,v) = i~'^SH{u,v). 

Then, for example, 

i~^~°SL{ui A U2 A Us, Ml A U2, W3) = det{i~^SH{uj,Uk)) = 1 > 0. 

and 

^-2-(-i)^^(^^^^ Am2 a Ms, Ml A?l2,M3) = det{i~^SHiuj,Uk)) = -i^ = 1 > 0. 

The remaining computations follow by taking complex conjugates. □ 

The contraction (6) induces a projection c : L — > EI of variations of Hodge 
structure. The canonical quotient mapping p : L — V is also a morphism of 
variation of Hodge structure. The polarizations Sh of H and Sy of V can be pulled 
back along these projections to obtain the invariant inner product c*Sh +P*Sv on 
L. For later use, we record the following fact: 

Lemma 7.2 ([22, Prop. 18]). Ifg>2, then c*Sh +P*Sv = {g - 1)Sl- □ 

8. COHOMOLOGY CLASSES 

By Lemma 4.4 each invariant inner product on a variation of MHS U over a 

smooth variety T gives rise to a parallel, translation invariant 2-form u on the asso- 
ciated bundle of intermediate j acobians J (U) and a cohomology class (j) G H'^{J{\})). 

The polarizations Sh, Sl and Sy of the variations of Hodge structure H, L and 
V over Ag therefore give rise to cohomology classes 

(f>H € H^(J(H)), e i?^(J(L)) and (f>v € i?^(J(V)). 

Denote their parallel, canonical translation invariant representatives by ojh, and 

LOv- 

Recall that J{M) = Jg, the universal jacobian over Aig and that rjg e H'^^iJg) 
denotes the Poincare dual of the 0-section Zg oi Jg. A standard and elementary 
computation shows that if C is a smooth projective curve of genus g, then 

^H = 

_ ac C 

Combining this with Proposition 4.5 yields the following result, which can also be 
deduced from [43, Cor. 2.2]. 

Proposition 8.1. The class r]g of the zero section of Jg in H'^^{Jg) is (l>%/g\ □ 

Denote the restriction of Jg to M.g — Aq"^ by Jg. Zucker's Theorem [44] implies 

that every normal function section /i of Jg defined over extends to a section 

(also denoted n) of Jg defined over Mg^n — Ag"^. 

Proposition 8.2. The class <j)H G H^{Jg) extends naturally to a class (j)H G 
H^{Jg). It is characterized by the property 

[e] = e'^(f>H for all e E 1^ 

and has the property that iJt*(j)H = I^*4>h for all normal function sections fj, of Jg 
defined over A4g „. 
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Sketch of Proof. The first rational cohoniology of tlie sniooth. finite orbi-eovering 
A4g-i^2 of Ao vanishes. The Gysin sequence thus gives an exact sequence 

of rational cohomology. For each integer e > 1, the cndomorphism [e] of induces 
an action on this sequence. It acts trivially on the left-hand term. Since [e\*(f)H = 
e^(t)H in H'^{Jg), it follows that (j)H has a unique lift 4)h to H^{J'g) with the property 
that [e]*(f)H = e^<j>H- The restriction of (f)H to the zero section M.g — Aq"^ of Jg 
is trivial as [e] preserves the zero section, [e] acts trivially on H'^{Jvig — Aq"^) and 

since [e\*(j)H = e^^/f. 

To complete the proof, we need several facts about biextension line bundles. 
Suppose that f : Y ^ X in a morphisrn of smooth varieties and that U is a 
VHS over X polarized by S. Then the constructions of [14] imply that one has a 
commutative diagram 

By ' Bx 




of biextension line bundles, where /g is a morphism of metrized line bundles. This 
implies that J{f)*4>s = 4>f'S- The next fact, which follows from Lear's Theorem, 
is that if X' and Y' are smooth varieties in which X and Y as Zariski dense, and 
where X' — X is s. smooth divisor in X' , and if (5 is a normal function section of 
J(U) X, then 



(7) 



{f*S)*ct>rs = f*{6*(t>s) e H\Y'). 



We now apply this with X 



Jg^, X' 



Ml^ and Y' 



Mg,n-Ar'. 



The variation U is the standard variation M, so that ^7(0) = J'g Xm'^ Jg - Important 
here is the fact that J^g is an algebraic variety. The normal function 5 will be the 
diagonal section of Jg x_a4c Jg Jg. Finally, f lY ^ X will be a normal function 
A* • ■^g,n Jg' which is a morphism as Jg — > Mg is a family of (semi)-abelian 
varieties: 

'-'g,n 



■JgX 



7' 



M 



^0 



7' 



The class € H'^iJg ^g) ''^2^h, where tti and 772 are the two projections 



Jix 



M. 



7' 



'g' 

naturality statement (7) now imply that IjL*4'h = M*(^*0S') ■ 



Jg. It is now a tautology that ^*4>s = & H'^{Jg). This and the 

□ 

It is important to note that Proposition 8.1 does not hold over M.g. This is 
because the restriction of (j)H to the zero section vanishes, whereas the conormal 
bundle of the zero section is the Hodge bundle, whose top Chern class is non-trivial. 
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We shall also need the invariant inner product A on H © H that is defined by 

Sa{{ui,Vi), {U2,V2)) = Sh{ui,V2) - Sh{U2,Vi) 

Even though it preserves the Hodge filtration, it is not a weak polarization as can be 
seen by restricting it to the diagonal of H®H (where it is positive) and anti-diagonal 
(where it is negative). Denote the associated cohomology class in _ff^(j7(lHI © H)) 
by (j^A- The class 4>a. extends naturally to a class 4>a. G H'^{Jg x>( Jg)- The proof 
is similar to that of Proposition 8.2 and is left to the reader. 

8.1. The classes K*(j)H, >^*(t>v^ i^*<t>L and (/C x IC)*(j)A- Pulling back the classes 
4>H, 4>v, 4'L and (f)A along the normal functions /C, v, u and the normal function 
section /C x /C of 

J(H © M) = J(1I) XM,a -^9,2 

defined by 

/C X /C : [C;xi,X2] ^ {IC{xi),K,{x2)) G Jac(C) x Jac(C). 

we obtain rational cohomology classes )C*<pH € H'^{Mg i), v*(j)v G H'^i-M.'^), 
i>*(t>L G i), and (/C x /C)*0a G H'^{M''g^2)- Lear's Theorem implies (via 

Cor. 6.3) that they extend naturally to classes v*(j)v G H'^i^.g)-, i'*4'L G -ff^(A^g,i), 
and (/C 71cj*(l)A G H^(Mg^i), H^iMg), H^(Mg,i), and H^(Mg,2), respectively. 

Proposition 8.3. If g>2, then {g - 1)^*^ = i^*^ + K*^ G H'^(Mg^i). 

Proof. This follows immediately from Lemma 7.2 and the fact [36] that cov = K, 
and p o V = u. □ 

Our next task is to compute each of these classes. First we need to fix notation 
for the natural classes in H'^{Mg^n)- 

9. Divisor Classes 

Denote the set {xi, X2, - ■ ■ , Xn} of marked points by /. Denote the relative dual- 
izing sheaf of the universal curve tt : C — > A^g,„ over Mg^n by w. Its pushforward 
7r*w is locally free of rank g. Recall that Ai denotes the first Chern class of the 
Hodge bundle 7r*w. The classes tpj, Xj G / are defined by 

:= x*ci{w). 

When n = 1, we will denote Vi by V- Note that this definition is different from 
the standard definition. We use is as our V classes are natural with respect to the 
forgetful maps Mg^n+i Mg,,,- 

Each component of the boimdary divisor of Adg^n in -^g.n has as its generic point 
a stable n-pointed curve of genus g with exactly one node. These components are: 

• Aq: the generic point is an irreducible, geometrically connected n-pointed 
curve with one node; 

• A^, where P is a subset of / with |P| > 2: the generic point is a re- 
ducible curve with two geometrically connected components joined at a 

single node, one of which has genus — the points in P lie on the genus 
component minus its node, the remaining points P'^ ;= / — P lie on the 
other (genus g) component minus the node; 
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• A^, where < h < g and P I (possibly empty): the generic point is 
a reducible curve with exactly one node and two geometrically connected 
irreducible components, one of genus h, the other of genus g — h; the points 
in P lie on the genus h component minus the node, and the rest P° lie on 
the other component minus the node. Note that A^_^ = A^. 

Denote the classes of the divisors 

Ao, A^ (P C /, |P| >2), {0<h<g, PC I) 

by 

-50, 6^ (P C /, \P\ > 2), Sf, iO<h<g, PC I), 
respectively. It is well-known that the classes 

Ai, V, {xj e /), So, {P C /, |P| > 2), 6^ {0<h< g/2, PCI) 

comprise a basis of H^{Mg^n)- 

One also has the Miller-Morita-Mumford classes 

which are defined for i > 1. It follows from Grothendieck-Riemann-Roch (cf. [34]) 
that K\ = 12Ai — 6, where 

L9/2J 

j=o 

Define Kj,5 G H'{M.g^n) to be the puUbacks of Kj,5 e H*{M.g) under the natural 
morphisms M.g,n — >■ M.g- We thus have the alternate basis 

Ki, V,- {xj e /), 5o, {P C I, \P\ > 2), {l<h< g/2, PCI) 

Remark 9.1. All of these divisor classes can be regarded as classes in II^{Mg^n) or 
in CH^{Mg^n)- Note that these two groups are isomorphic, so that any relation 
between divisor classes that holds in cohomology also holds in the Chow ring. 

10. Formulas for i^*<j)v and IC*(j)H 

The computation of F^rjg will be reduced to the computation of the puUbacks of 
the classes and (pA along the normal functions tCj and Sij. In this section we 
compute these basic classes. The formulas reflect the structure of Torelli groups. 

The Moriwaki divisor is the class y*4>v'- 

Theorem 10.1 ([23, Thm. 1.3]). Ifg>2, then 

[9/2] 

2^ = {8g + 4)Ai -g6o-^Yl - h)6h e H^{Mg, Z). 

h=l 

The case 5 > 3 is [23, Thm. 1.3]. When g ^ 2, v ^ Q and the result follows from 
Mumford's computation [34] that lOAi = 5q-\-25\. Suitably interpreted, it holds in 
genus 1 as 12Ai = 5o in H^Mi^i,!.). 

Proposition 8.2 implies that lC*(j)H = }C*^h- 
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Theorem 10.2. If g>2, then 

5-1 

21C*^H = 45(5 - 1)^ - Ki - ^{2h - If 6l% e H\Mg,i, Z). 

h=l 

This result holds trivially in genus 1 as /C = and because Ki ~ 12Ai — Sq = 0. 

Sketch of Proof. Since ki ~ 12Ai — S, 

5-1 5-1 
+ ^(2/1 - 1)^61% = 12Ai - <5o + ^ 4/i(/i - l)Sl%. 

h=l h=l 

So it suffices to prove that 

9-1 

2]C*^H = Ma - 1)^- - 12Ai +So-Y^ 4/i(/i - i)sl% 

h=l 

This formula, modulo boundary terms, was proved by Morita [30, (1-7)]. Another 
proof is given in [22, Thm. 1]. 

The coefficient of dj^^^ is computed using the method of [23, §11]. The Torelli 
group Tg is replaced by the Torelli group Tg^i associated to a 1-pointed surface. 
Instead of taking V = A^H/{d A H), we take it to be H. The quadratic form q 
(which is denoted Sy in this paper) is replaced by c*Sh, where c : A^H — >■ iJ is 
the contraction (6). We sketch the monodromy computation using the notation of 
[23, §11]. 

The coefficient of Sj^^^ is — f(cr;j), where ct/j is a Dehn twist about a separating 
simple closed curve that divides a pointed, genus g reference surface into a surface 
of genus h (that docs not contain the point) and a surface of genus g — h, and where 
f is a representation of Tg^i into the Heisenberg group associated to {H,Sh)- 

There is a symplectic basis ai,bi, . . . ,ag,bg of Hz such that a\,bi, . . . ,ah,bh is 
a basis of H' , the first homology of the genus h subsurface. Set lj' = ai Abi + ■ ■ ■ + 
dh A bh, the symplectic form of H' . liu € H, then c{u A w') = {h — l)u. Thus 

8 ^ 

^''('^'^^ " 2ft^ ^ 5'H(c(aj- A w'), c{bj A w')) 
j=i 

= ^j^jZSH{aM = ^h{h-l). 

i=i 

It remains to compute the coefficient of Sq. The most direct way to compute 
it is by restricting to a curve in the hyperelliptic locus. First note that if C is a 
hyperelliptic curve and a; G C is a Weierstrass point, then IC{C,x) = 0. Call such 
a pair (C, x) a hyperelliptic pointed curve. Suppose that T is a smooth, complete 
curve and that f iT -^9,1 is a morphism where f{t) is the moduli point of an 
irreducible hyperelliptic pointed curve for each t G T.^ The normal function /*/C 

^For example, we can take T = pi and / the morphism associated to the family 

29 

v'^ = (u — t)u (u — Clj), 

J=l 

where t G C and the aj are distinct non-zero complex numbers. A section of Weierstrass points is 
given hy X = (0, 0). 
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vanishes identically on T, which implies that f*JC*B is trivial as a metrized line 
bundle over T — /^^Aq. Its extension as a metrized line bundle to T is therefore 
trivial. This implies the vanishing of 

On the other hand, standard techniques can be used to show that 

r(8Ai+4ffV-<5o) = 0. 
The Cornalba-Harris relation [6, Prop. 4.7] implies that 

r((85 + 4)Ai-5(5o) = OePicT. 

It follows that 

r(4(7(5-l)V-12Ai+5o) = (5-l)r(8Ai+4r7V-<^o)-r((8ff + 4)Ai-ff<5o) =0. 
These two facts together imply that the coefficient of So in lC*(j)H is 1. □ 

Since Ki = 12Ai — S, Theorems 10.1 and 10.2 and Proposition 8.3 imply the 
following result when g>2. The case g =1 follows from the fact that V' = Ai and 
the well-known relation = 12Ai in PicA^i^i. 

An immediate consequence of Lemma 7.2 and the two previous results is the 
following formula for u*(j)L- 

Corollary 10.3. For all g>l, 

9-1 

2v*ct>L = 8Ai + 4# - 6o -^J2^^l-h ^ H^Mg,i,Z). 

h=l 

The next result is needed in the solution of Eliashberg's problem. 
Theorem 10.4. If g>2, then in H'^{Mg,2,'Z) we have 

(/C X Icy^A = {2g - 2)(V;i + ^2) - «i - {2g - 2fb'^^'^'^^^ 

- X:(2/. - If > + {2h - 1)(2(5 -h)- l)(4-> + 4->)/2. 

h=\ 

Note that in this and subsequent formulas, we will often sum from /i = 1 to 
h = g — 1 and over all subsets P of I. Because of this, some terms will appear 
twice as Sf^ = Sg_f^. We do this to emphasize the symmetry of the formulas and to 
facilitate later computations. 

Proof Modulo the coefficients of the Sj^^^^ , this formula can be computed 

(i) by restricting (/C x IC)*(j>A to any fiber C x C and 

(ii) from Theorem 10.2 by restricting to the diagonal Mg^i A^g,2, noting 
that the restriction of (I) a to the diagonal Jg of Jg ^ Jg is 2(j)H- 

These computations are straightforward, once one notes that the divisor Aq^^'^^-^ 
is the "diagonal" Mg i — >■ ■Mg 2 in -^9,2 ^^nd that the Chern class of its normal 
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bundle is tp. If wc restrict to a single curve C, then in H'^iC x C) 
{K X X:)>A = (2ff - 2f ^ [af A fef ^ - 6^ A af) 

= (2,9 - 2)2([point](^) + [point](2) - [diagonal]) 

= (2g-2)(V'i+V2)-(2g-2)24-^'^^>. 

Here ai,...,bg is a symplectic basis of Hi{C) and, for x G H^{C), x^'^^ denotes the 
puUback of x under the fcth projection pk ■ ^ C. 

It remains to compute the coefficient of S^^ when < h < g. This we do using 
a test curve suggested by Sam Grushevsky. Since (pA is invariant when the two 
factors of J'g Xm"^ 2 swapped, it follows that the formula for (/C x /C)*0a- 

is symmetric in xi and X2- Since 5^^^^ = S^^il, the formula is also invariant when 
h is replaced hy g — h. Wc therefore conclude that 

(8) (/C x Icr^A = {2g - 2)(^i + ^2) - Ki - {2g - 2)25^-^'-=> 

h=l h=l 

where Ch = Cg-h- 

Suppose that < h < g. Fix pointed smooth projective curves {C',P') and 
{C",P") with g{C') = h and g{C") = g — h. Let C be the nodal genus g curve 
with three components C", C" and P^, where C" is attached to P^ by identifying 
P' e C" with e P^ and P" G C" with 00 € P^ For t e P^ - {0, 1, 00} let C't be 
the stable 2-pointed curve (C; 1, f). The closure T of the curve 

pi-{0,l,oo}^A^^,2, t^[Ct] 
is a copy of M.0,4 — P^ imbedded in ■Mg 2- 




Figure 1. The 2-pointed curve Ct 

The restriction of /C x /C to T takes the constant value 

{{2h - 2)P' - Kc, {2{g - h) - 2)P" - Kc) G JacC" x JacC" ^ JacC, 

which implies that {JC x JC)* (pA — 0- The coefficient Ch is computed by evaluating 
the right hand side (RHS) of (8) on T. 

The curve T is contained in A^^^'^^^ n A^^^^^^^-^ and intersects the three boundary 

divisors Aq'^ '^^^ ^li^^^ ^'^d A^'^^^ transversely in three distinct points. These are 
the three boundary points of A^o,4 — T. It does not intersect any other boundary 
divisors. Consequently, 

Jt Jt Jt 
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The projection formula can be used to evaluate the other terms of the RHS of 
(8) on T. Let 

q ■■ Mg,2 Mg, Pj ■■ Mg,2 -> Mg,l j = 1, 2 

denote the natural projections, where Pj{[C; xi, .X2]) = [C, Xj\. Note that q and the 
Pj collapse T to a point. Since xpj = p*'tp and k\ = q*K,i, the projection formula 
implies that 



= 0. 



/ Ki = / q*Ki = Ki = and / V'i = / Pj'4' = 

Jt Jt Jq,T Jt Jt Jpj* 

Since PiSj^^^ = sj^^^'''^^ + the projection formula implies that 

/ St'""'^ = - [ = -1- 

JT JT 

Similarly, /^<5]!-^^> = -l. 

Evaluating the expression (8) on T we obtain 

= + - (25 - 2)2 + (2/^ - 1)2 + (2(.g - h) - l)' + Ch + Cg-n- 
Since = Cg_/i, this implies that Ch = (2/i — 1)(2(.9 — /i) — l). □ 

11. Solution of Eliashberg's Problem over Alg „ when g > 1 

In this section, we solve Eliashberg's problem over „ when g >2. A. complete 
solution in the genus 1 case is given in the following section. The solution in genus 
> 1 is a direct consequence of Proposition 8.1 and Theorem 11.5 below. Related 
work on Eliashberg's problem has been obtained independently by Cavalieri and 
Marcus [5] via Gromov-Witten theory. 

Fix an integral vector d = (rfi, . . . , d„) with dj = 0. As in the introduction, 
we have the section 

Fa : ^ Jg 

of the universal jacobian defined by 

- n 

" G Jac C. 



Fd : (xi, . . . ,Xd) i-> 

For each subset P of {xi,. . . , a;„}, set dp = J2jep dj- Since dp + dpc = 0, d?p5^ = 

"'P'=°g-h- 

Theorem 11.1. Ifg>2, then in H'^3{M''g^J we have 

^d%-^(E4v'./2-E E rfA'5o"-jEE4c)'. 

^" ^j=l P^I {xj,Xk}CP P<ZIh=l ^ 

Recall that our definition of the i/'j differs from the commonly used one. Here 
:= x*ci{lli), where uj is the relative dualizing sheaf of the universal curve. Note, 
too, that since Sf^ = 5^ and since we are summing from h = 1 to h = g — 1 \a 
this and other results in this section, some boundary divisors occur twice in this 
expression. 

I do not know if this formula holds in the Chow ring. Although this formula 
makes sense in H'^^[M.g^n — ■^0"^)' ^oes not hold there. For example, when 
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d = the left hand side is the non-trivial class {—l)^Xg, whereas the right-hand 
side vanishes. A result of Ekedahl and van der Geer [9] implies that, in CH^{^Ag — 
Aq"^), \g is ( — 1)^C(1 — 2g) times a natural class, where denotes the Riemann 
zeta function. This suggests that the class 

should be interesting. In particular, docs Proposition 8.1 hold in CH^{Jg)l This 
makes sense, as (pn = 6 — \i/2 m Pic JZ^^. (Cf. the proof of Theorem 11.6 below.) 

11.1. The approach and reduction. Denote the pullback of Jg to Mg^n by 
Jg^n and its restriction to by Jg^n- We will consider a more general situation. 
Namely, we'll assume that d G Z" and that m e Z satisfy 

n 

d, = {2g - 2)m. 

Then one has the section 

n 

i^d : [C;xi,..., Xn] i-> ^ djXj — mKc G Jac C 

of Jg^ over M.g Our goal is to compute F^cpn- 
Set 

•^g.n •= ^S," ^Mg,n ^^9,n ^ATg,„ ' ' ' ^ATg,„ ^S." • 



Denote its restriction to M.'g .^ by Jg'^- Let 

/C„ : - Af^ ^ Jin 

be the nth power of /C — that is, the section of Jg^^ ■^'g,n defined by 

1C„ ■.{C;xi,...,Xn)^ {K.{xi),)C{x2),...,)C{xn)) e (JacC)". 
Note that /C2 = /C x /C. 

Proposition 11.2. Define d : J^,^ -)■ J^^„ by 

d : (ui, . . . ,u„) {diui, . . .,d„u„) 
and tr„ : J^,^ -)■ Jg^n by 

tin ■ {Ul, ■ ■ . ,Un) !->■ Ml H h U„. 

Then the mapping 

-J7 Asing jn d jn ^^'^ j 

•'^'■g,n ~ ^0 '~'g,n '-'g,n ^g,n 

equals {2g - 2) Fd. □ 

This formula allows the reduction of the computation of F^(pH to more basic 
computations. Denote the pullback of (j)H under the jth projection 

fj ■ ^ g,n ^ ^ g,n 

by For j ^ k, denote the pullback of under the (j, fc)th projection 

Pj,k ■■ Jg^n Jgll {UU ...,Un)^ (Uj,Uk) 

by ^j,fe- 
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Lemma 11.3. With notation as above, 

d*4>j,k = djdk (t>j,k and tr* = ^ (j)^^^. 

j<k 

Proof. Since all of the classes (j)j^k are represented by parallel, translation invariant 
forms, to prove the result, it suffices to prove the result in the cohomology of the 
jacobian J := JacC of a single smooth projective curve C. 
Set J = Jac C. Note that the ring homomorphism 

H'{J) ^ H'iJ)®"" 

induced by the addition map J" ^ J is, in degree 1, given by 

1®» (8) a; O 1®^ 

a,b>0 

The formula for tr* follows using the fact that this is a ring homomorphism. 

The formula for d* follows as the map [e] : J — >■ J is multiplication by e on 
H^{J), and therefore multiplication by e*^ on H''{J). □ 

Recall that (f)H € H^{J'g) and (pA € H'^{Jg y-M% Jg) extend naturally to classes 

h e H\j'g) and <Aa e j'^), 

where Jg denotes the universal jacobian over J^g — Ag Using the scaling by the 
action of (ei , . . . , e„) e Z" on the cohomology of the nth power oijg Mg — Ag 
one can show that Lemma 11.3 holds when and (^a are replaced by the extended 

classes and 0a • Wc therefore have: 

Corollary 11.4. If g> 2, then 

n 

where ttj : J^g,n -^g.i and nj^k '■ -^9,71 -^5,2 denote the natural projections. 

The following result is the main computation of this section. 

Theorem 11.5. If g>2 and d e Z" and m € Z satisfy J^dj = (25 — 2)m, then 
in II^{Mg^n) we have 

n 

F^4>H = -m^Ki/2 + ^(d,m + ^2/2) - ^ E '^^'^'^ ^0 

j=l PCI{xj,Xk}CP 

PCI h=l 

Recall that Sj^ = 5g_i-^. Note that, in this expression, the coefficients of 5^ and 
Sg-h are equal as dp + dpo = {2g — 2)m. Note, too, that one recovers Theorem 10.2 
when n = m = 1 and d\=2g — 2. 

Theorem 11.1 follows directly from Proposition 8.1 and the case m = 0. The 
corresponding genus 1 statement is proved in the following section. The proof below 
fails in genus 1 as we cannot divide by 2^ — 2. 
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Proof. This follows from Theorems 10.2 and 10.4 and Corollary 11.4. First observe 
that the coefficient of Ki in {2g — 2)'^F^^h is 

- E ^^1/2 - E '^J^'fe = -('^i + • • ■ + '^")V2 = -(25 - 2)2mV2. 

3 j<k 

Next, the coefficient of tpj in {2g — 2)^ i^j'^H is 

(20 - 2) ^ + ^ 4^(3 - 1)4 = {2g - 2) [(rfi + • • ■ + rf„ - dj)dj + g d^] 

= {2g~2fd,m + {2g-2){g-l)d] 
= {2g-2.f{djm + dy2). 

Since 

the coefficient of in the expression for {2g — 2)'^F^(j)H is 

-(25-2)2 djdkS^. 

When 1 < h < g — 1 and j 7^ fc 

^*A'^ = E ^USf^'^ = E and 7r;,,5- = E '^.i'- 

Then, computing formally, we see that the coefficient of 5^ in {2g — 2)'^F^^h is the 
coefficient of Sf^ in 

- {2{g -h)-l)'J2d',n* 4^>/2 - {2{g - /.) - l)' E ^^^k ^ • . 4^^'^^^ 
j i<fc 

+ {2h - l){2{g - /i) - 1) E djd,7rlk{Sl' + 6^^\)/2, 

j<k 

which is 

^xj-eP xj,xkeP ' xjeP 

= -i((2(<7 -h)- ifdl - {2{g -h)- l){2h - l)dpdp.) . 

Since 5^ — ^g^h, the coefficient of 6^ can be chosen (and will be chosen) to be the 
average of the formally computed coefficients of 5^ and Sg_f^, which is 

- ^((2(fl -h)- lYd% - {2{g - h) - l){2h - l)dprfpc + {2h - l)^^^) 

= -\({2{g -h)- l)dp - (2/1 - l)rfpc)' 

= -7 ((2(.9 -h)~ l)dp + {2h - l){dp - {2g - 2)m' ^ ^ 
{dp - {2h-l)m)^ 



4 

(25-2)2 
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as dp + dpc = (2(7 — 2)m. □ 

11.2. Variants. Theorem 11.5 can be adapted to establish more general results. 
Suppose that r\2g — 2 and suppose that d = (rfi, . . . , d„) G Z" and m G Z satisfy 

n 

Y,dj=m{2g-2)lr. 
j=i 

Let f : X Mg^n — Ag be a morphism over which there is a globally defined 
rth root a of the relative dualizing sheaf. Then one has the section of Jg ,^ over 
X defined by 

n 

: [C; xi,. . . , i->- —ma + ^ djXj G JacC. 
As above, rfp = YlxidP'^r 

Theorem 11.6. The class E^(j)H G H^{X) is the pullhack along f of the class 

n 

- {m/rf K,/2 + J2{dj {m/r) + 4/2) ^j-Yl E ^^^^^ 

j=i P^H^j,=^k}'^P 

^iT.Y.idp-i'ih- l)(m/r))' C e H'(Mg,n). 



4 

PC/ft=l 



Proof. Since the diagram 




commutes (i.e., Fj-d o / = r^Ed), and since the extended class (j)H satisfies [e] = 
e^ipH, we have 

F^^jf = r-^ErA^H = r-^f*Frd$H. 
The result now follows from Theorem 11.5. □ 

This result can be used to give a partial solution to a problem posed to mc by 
Joe Harris. Suppose that d = {di, . . . ,dn) G satisfies J2^=i dj = 9 — 1- Then 
one has the section 

Gd [C; xi, . . . , Xn] 1-^ djXj G Pic^~^ C 
j 

of the relative Picard bundle 



Pg,n := Pic^-' 



over M.g,n- This contains the divisor W of effective divisor classes of degree <? — 1. 
The puUback C^W is the divisor in A1g,„ consisting of those [C;xi,. . . , a;„] where 
^^{C^YldjXj) > 0. Denote its closure in AA.g,n by Wd- Harris' problem is to 
compute the class of Wd in terms of standard classes. This is a subtle problem as 
Vg^n is not separated over 
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Although wc cannot solve this problem, we can solve the following closely related 
problem. Let X — ;> A4g_n — Aq"^ be any dominant morphism on which there is a 
globally defined tlicta characteristic a. Denote the inverse image of Ai'^^ in X by 
X'^ and the inverse image in X of Aig^n by X°. Denote the universal jacobian over 
X by J'x and its restrictions to X"^ and X° by J'^ and J^^, respectively. Denote 
the puUback of Vg.n to X° by Vx- Then a defines an isomorphism of Vx with J^. 
Under this isomorphism Gd corresponds to the section 

n 

Fd : [C;xi,. .., Xn] i->- —a + djXj G Jac C 

and the puUback of the divisor W to Vx corresponds to the divisor 6a which is 
defined locally by the theta function fl) that corresponds to a. 

The section extends to a section of Jx over X and the divisor Qa extends 
to Jx- One therefore has the class F^Qa in H^{X). Its restriction to H'^{X°) is 
the puUback of the class of Wd- 

Theorem 11.7. The class of F^Q^ in H'^{X) is 

n 

So/8 - Ai + Y,idj + 4) -J2 12 '^^'^^ ^0 

-ll2j:{di-{2h-i)dp+h'-h)sf:. 

PCIh=l 

The class —So/ 8 + ^d®a pullback of an integral class from Mg^n as Sf^ = 

Sg_f^ and because each of dj + dp — {2h — l)dp and h? — his even. 

Proof. The first step is to show that the class 6oi of 9a satisfies 
(9) e^ = ^H + Xi/'ieH\j'g), 

where J'g denotes the universal jacobian over Aig — Aq"^. Granted this, the result 
follows from Theorem 11.6 as 

^d(^a) = F*^{^H + Ai/2) = Ai/2 + F^{^h) 

and 

h 

Ki = 12Ai -S = 12Ai -So-^J2J2^h- 

To prove (9), first note that the relation 6a = (pH + Ai/2 holds in H'^{J^). This 
is because the restrictions of 6a and (fin to each fiber of Jg ^ arc equal and 
because the restriction of 4>h to the zero section vanishes, while the restriction of 
6a to the zero section has class Ai/2 as the corresponding theta null i?a(0, 0) is a 
modular form of weight 1/2 for some finite index subgroup of Spg(Z). Since (pH, 
6a and Ai are all classes of line bundles, and since Jg — Jg is the restriction of Jg 
to Ao, it follows that 

ea=4>H + \i/2 + cSo€H''{J'g) 
Restricting both sides to the zero section implies that 

Ai/2 = + Ai/2 + c5o G H''(Mg - Af ^ H^{Mg), 
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which imphes that c = 0, as required. □ 

12. Eliashberg's Problem in Genus 1 

The solution of Eliashberg's problem over Mg^^ genus > 2 given in the pre- 
vious section fails when gr = 1 as we cannot divide by 2g — 2. However, a variant of 
the methods of the previous section gives a complete solution in genus 1. 

When g = I, the class of F^rji naturally lives in H^{Mi^n+i) as the locus of 
indeterminacy Aq™^ of has codimension > 2, whereas Fd??i is the class of a 
divisor, and thus extends uniquely from A^i,„+i — to M l,n+l- 

Theorem 12.1. Ifd = {do, . . . , d„) e 2"+^ satisfies J2j dj = 0, then 

The restriction of this class to A^i.„+i has been independently computed by 
Cavalieri and Marcus [5] using different methods. 

Denote the universal elliptic curve Ji — > A1i,i by £. Note that £ = A^i,2 — Aq"^. 
Its restriction to A^i^i is the universal elliptic curve S'^ of "compact type". Since £ 
and Ml, 2 differ in codimension 2, their second cohomology and Picard groups are 
isomorphic: 

H^{Mi,2) = (Pic A?i,2) Q = (Picf ) Q ^ H^{£). 

These groups are 2-dimensional with basis S := 5q^^'^^-^, the class of the zero section 
D oi £ ^ Mi^i, and Sq, the class of the fiber over the cusp of The class Ai 

of the Hodge bundle is 6o/12. 

We will deduce Theorem 12.1 from the corresponding result for the nth power 

£"' = £ Xat^ J • • • Xmi,i ^ • 



of the universal elliptic curve over A1i,i. A point in corresponds to the iso- 
morphism class of an n-pointed elliptic curve {E; xo,xi, . . . ,Xn) where a;o = 0, the 
identity.^ Let p : — >■ be the canonical projection. For each d = (do, . . . , dn) 
as above, there is a section of the pullback p*£ — >■ £" of the universal elliptic curve 
defined by 

n n 

Fd{E; xo, . . . , Xn) = E djXj = ^ djXj e E. 

3=0 J=l 

For < j < A; < n let Dj,]~ be the divisor in where Xj = Xk- Denote its class 
in _ff^(£'") by Sj,k- Let Aq be the inverse image of the moduli point of the nodal 
cubic under the projection — > A^i.i. Then 

ij2(f")^(Picf")«)Q = Q,5o© Q(5,,ft. 

0<j<k<n 

The pullback of Sj^k under the morphism tt : Mi,n+i — Aq"^ £" is 
'^*^jk = X! ^0 ^ PicA^i,„+i. 

{xj,Xfc}CP 



^Note that an n-pointed elliptic curves is an (n -|- l)-pointed genus 1 curve. 
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Since do -\ \- dn = 0, -\ ^ d^ = -'^YjO<j<k<n '^J^k- Since F^Xi = Ai, to 

prove Theorem 12.1 it suffices to prove that 

(10) F^{6 + Xi) = - djdk{5j,k + Xi)eH\£^). 

0<j<k<n 

The key step in the proof of this statement is to show that 6 + Xi is a parallel, 
translation invariant class. This statement is made precise in the following lemma. 
For a positive integer e, let [e] : f — >■ f be multiplication by e. 

Lemma 12.2. The class (pn G H^{8''^) extends uniquely to a class <f)H in H'^{£) 
that vanishes on the zero-section D. It is given by 

and is characterized by the two properties 

I 4>H = 1 and [e]*(j)H = e^fpH for all integers e > 1. 

Proof. The exact sequence 

^ Q^o -> H'^{£) H'^iS") 0. 

is invariant under [e]*, which acts trivially on the kernel and by multiplication by 
on the quotient. Since (j)H spans the right-hand group, it follows that it has a 

unique hft (j)H to H'^{£) with the property that [e]*^ij = e^4'H- 
Since [e]*[£'] = [D], we have 

(e^ - 1) / ^H= I W^H - f $H= [ $H=0. 
JD Jd Jd J([e],-1)D 

Since e > 1, this implies the vanishing Jj^fjiH =0 of (j)H on D. Since Aq is the 
class of the fiber of £ /^^ i^^ij = 1- Since S and So span H^{£) and since 

its intersection pairing is non-singular, these two properties characterize (j)H- 

To prove that (/>jj = (5 + Ai , it suffices to show that {S + Xi) ■ 5 = and that 
{d + Xi) ■ do = 1- Since the Chen class of the normal bundle of in £ is — Ai, we 
have 

/ S = D' = - [ Ai, 
Jd Jd 

which implies that {5 + Xi) ■ 5 = 0. Since So is the class of a fiber of £ — >■ 

So- Xi = 0, so that So ■ {S + Xi) = So ■ S = 1. □ 

Each unordered pair {j, k} of integers in [0, n] determines a parallel class (jjj^k & 
H'^{£") as follows. Let pj^k ■ £" ^ £ he the projection that takes [E : xo, ■ ■ ■ , Xn] 
to [E;Xj,Xk] = [E;0,Xk - xj]. Observe that Dj^k = Pj,k^- Set ^j^k = Pj,k^H- 
Lemma 12.2 implies that (j)j,k = Sj,k + Ai. Combining this with (10), we deduce 
that, to prove Theorem 12.1, it suffices to show that 

(11) F^$H = - Yl djdk4>3,k- 

0<j<k<n 

Lemma 12.3. The class € H^{£'^ Xa^i,i ^'^) extends to a class 4>a in H'^{£'^) 
with the property that [e]*^A = e^^A- Specifically, 

(12) 4>A =Po,i$H +Po,24>H -P12^H G H^{£^). 
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Proof. The class given by (12) is clearly an eigenvector of [e] with eigenvalue e^. 
To prove the result, it suffices to prove that its restriction to (5^)^ := XMi i 
is (pA- Since the restriction to (f^)^ of all classes in the formula are represented 
by parallel, translation invariant forms, it suffices to check the formula for a single 
smooth elliptic curve E. Let a, 6 be a symplectic basis of H^{E). Identify H*{E^) 
with H'{E) ® H'{E). Then a routine computation shows that the restriction of 
p1^i4'h to E'^ is 

(a A 6) ® 1 + 1 «) (a A6) - (a® 6- 6(g)a) = {pl^i<t>H + Pl,2<t>H - <t^A)\E^, 
as required. □ 

For each Q < j < k < n define 0^'° = Pj^/^^A- 

Corollary 12.4. If < j < k < n, then (jp^ = ^oj + 4'o,k — 4>j,k- 
To prove (11), factor : — >^ £ as follows: 

(di,...,d„) tr„ 

where (di,...,rf„) : 0, a;i, . . . , ^ [E : 0,diXi, . . . ,dnXn\- Note that the 
formula 

tr:<AH = Eao,, + E 4>i' 

j—l l<j<k<n 

holds in ff^(£") as it holds when restricted to (£^^)", because both sides are eigen- 
vectors of [e] with eigenvalue e^, and because both sides vanish on the divisor 
a;i + • • • -|-a;„ = by an argument similar to the one used in the proof of Lemma 12.2. 
Adapting the arguments of the previous section to this case, we see that 

n 

j—l l<j<fc<n 
n 

= ^ ^i<^oj + ^ djdk{4>o,j + 4>o,k - h.k) 

j—l l<j<k<n 
n 

= + (^^'^ \- dn- dj)dj)5oj - ^ djdk4>3,k 

j=l l<j<k<n 
n 

= ^ -dodjSoj - ^ djdk4>j,k 

j=l l<j<k<n 

= - ^ djdk4>j,k- 
0<j<k<n 



13. Normal Functions and Positivity 

In this section we show that if a variation of Hodge structure of weight —1 is 

weakly polarized by S, then the pullback i'*lus along a normal function ^ of the 
2-form ojs on the total space that is naturally associated to the polarization is 
pointwise non-negative. 
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Suppose that V is a polarized variation of Hodge structure over X of weight — 1 
endowed with a weak polarization S. 

Theorem 13.1. Ifu : X — >■ J(V) is a normal function, then i'*ljs is o- non-negative 
(1, \)-form on X . 

Proof. As previously remarked, J(V) is isomorphic, as a bundle of tori, to Vx/Vz. 
The normal function v thus corresponds to a section s : X — > Vm/Vz- Locally this 
lifts to a section (also denoted by s) of Vm- We can view this as as section of 

V := V (8) Ox 

This is a flat holomorphic vector bundle. Denote its Hodge filtration by 

V 3 • • • D J"P D J-P+l D • • • 

Each is a holomorphic sub-bundle of V. Since V has weight —1, it splits as the 
sum 

v = j-OeJ*, 

where denotes the complex conjugate of in V. Note that J* is a holomorphic 
sub-bundle, while T is not, in general. Decompose s as 

s =p-\-n 

where p is a smooth section of and n is a smooth section of . Since s is real, 
p and n are complex conjugates of each other. 

We can compute the differentials of s, n and p with respect to the flat structure 
on Vm- Since ujs is parallel, we have 

v*ojs = s*u]s — S{ds, ds) = S{ds + ds, ds + ds) = 2S{ds, ds). 

This is clearly of type (1,1). 

Next we prove that iy*ujs is non-negative. Since a 2-form is positive if and only 
if it is positive on every holomorphic arc in X, we may assume that X is the unit 
disk. Let f be a holomorphic coordinate in X. 

Griffiths' infinitesimal period relation for normal functions implies that for any 
smooth local lift / : X — > V of the normal function df/dt G Here, and 

in what follows, the partial derivatives are taken with respect to the natural flat 
connection on V. Since n and p + n are both smooth local lifts of u, 

/ION (^P T— 1 J -r— 1 

(13) -e.F^and-G^^ 

Since J^" is a holomorphic sub-bundle of V, dp/dt G . Since n is the conjugate 
of p, we have dn/dt G T . Combining this with Griffiths infinitesimal period rela- 
tion (13), we conclude that dn/dt G fl and, by taking complex conjugates, 
that G J"°n 

Next compute the puUback of wg: as above, 

v*u:s = 2S'(as,as) 

= 2S{dn + dp, dn + dp) 

^„ f dn dp dn dp\ , ^ 

= ''[m^t'm+I)''^'' 

= 2S{v{t),v{t))dt Adt 
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where v{t) := dn/dt + dp/dt. Set t — x + iy. Since v{t) G H^^'^ for all t, it follows 
that i'*ujs = 2i~^~^S{v,v)dx A dy, which is non-negative. □ 

Corollary 13.2. Suppose that Y is a variation of Hodge structure of weight —1 
over a smooth complex algebraic variety X. If S is a weak polarization ofV and v 
is a normal function section of J(V) — >■ X, then for all complete curves T in X 

h'*LUs > 

T 

with equality if and only if the infinitesimal invariant of the normal function van- 
ishes. 

Suppose that X is a smooth completion of X. If Conjecture 6.4 holds, then 
we can conclude that the natural extension of iy*(j)s to a class in H'^{X) has non- 
negative degree on all complete curves T in X that do not lie in X — X. 

Since is a normal function, the class F^(j)H is represented by a non- negative 
(1, l)-form on Alg „. Theorem 11.5 thus implies the following positivity statement: 

Proposition 13.3. If g>2 and {di,. . ., dn) G satisfies dj = {2g — 2)m, 
then for each k >1, 

PCI h=l 

has non-negative degree on all complete k- dimensional subvarieties ofAig^. 

When k = g and m = g, this implies that the pullback F^rjg of the zero section 
has non-negative degree on all complete, dimensional subvarieties of Mg ^- 

14. Slope Inequalities 

As an immediate consequence of Corollary 13.2 with the computations in Sec- 
tion 10. we obtain the following versions Moriwaki's inequalities [32, 33]. The 
second assertion below was obtained independently by the author in the late 1990s 
(cf. [33, p. 195]). 

Theorem 14.1. If g>2, then 

(i) the divisor 

[9/2] 

(8r7 + 4)Ai-4^%-/i)<5/, 

h=l 

has non-negative degree on each complete curve in A4g, 

(ii) the divisors 

4g{g-l)i,-K,^J2(^h-ir6l% 

h=l 

8Ai + 45V - <5o - E e H\Ml,) 

h=l 

have non-negative degree on each complete curve in Ai 



9,1- 
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The semi-positivity of the 2-forms representing these classes imphes that their 
powers are also semi-positive. 

Corollary 14.2. If g >2 and k >1, then 

(i) the cohomology class 

((85 + 4)Ai - 4 ^ h{g - h)5h) e H^^MD 

h=l 

has non-negative degree on each complete k-dimensional subvariety of A4g. 

(ii) the cohomology classes 

g-l J. 

(45(5- -^(2/1- 1)24^>) 
h=l 

and 

g-l ^ 
h=l 

in H^''{Mg i) have non-negative degree on each complete k-dimensional 
subvariety of Aig i- 

This result also follows from Kleiman's criterion [27, Thm. 1], as Janos Kollar 

pointed out to mc. 

The statements in Theorem 14.1 are weaker than Moriwaki's in the sense that 
they apply only to complete curves in Aig ^ where n = 0, 1, but stronger than 
Moriwaki's as his versions apply only to complete curves in A4g,n that do not lie in 
the boundary divisor A. These two versions suggest the following stronger version 
of Moriwaki's inequalities, which would follow from Conjecture 6.4 if it were true. 

Conjecture 14.3. For all g > 2: 

(i) the divisor 

[s/2] 

M := (85 + 4)Ai -4^h{g- h)5h 

has non-negative degree on each complete curve in Mg that does not lie 
in Ao; 

(ii) the divisors 

s-i 

Wh := - - - ^(2/i - 

h=l 

Wl := 8A1 -\-4gi,-5o-Y, ^^l-i ^ ^'(^9,1) 

h=l 

have non-negative degree on each complete curve in Aig^i that does not 
lie in Aq; 
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(iii) and for all d = (di, . . . , ci„) G Z'^ with J2 dj = m, the class 

n 

PC/ /i=l 

has non-negative degree on all complete curves in M.g n that do not lie in 
Ao. 

14.1. The jumping divisor. To better understand the behaviour of the degree 
of the Moriwaki divisors on curves in M.g^n that pass through A™^ but are not 
contained in Aq, we need to consider the phenomenon of "height jumping" and the 
associated notion of a jumping divisor. 

Suppose that X = X — D where X is a smooth projective variety and is a 
normal crossings divisor in X. Suppose that U is a weight —1 variation of Hodge 
structure over X that is polarized by S. Suppose that uisa normal function section 
of J(U). Then one has the symmetric biextension line bundle 1^*8 over X. Lear's 
Theorem implies that a positive power Bnm of extends naturally to a line 
bundle over X. It is characterized by the property that the metric on extends 
to a continuous metric on this line bundle over X — Por clarity of exposition, 

we suppose that the power is 1, so that u*B itself extends.^" Denote the extended 
line bundle Si,;/ by Bj^. 

Now suppose that / : T ^ X is a morphism from a smooth projective curve 
to X whose image is not contained in D. Set T' = T — f^^(D). Applying Lear's 
Theorem to the normal function section f*i/ of J(/*U) — >■ T', we obtain the Lear 
extension Bt of (i/ o f)*B to T. If the image of T avoids then /*% ^ Bt- 

This is because B-^ is metrized over X — Z)^'"^^ go that its puUback to T is the 
unique metrized extension to T of {u o f)*B. In general, there is a 0-cycle J on T, 
supported on T — T', such that 

If /(T) n is empty, then J = 0. We will call J the jumping divisor of v on 

T. It is not always trivial, as we shall explain below. The jumping divisor encodes 

"height jumping" . 

14.2. Height jumping. Set d = dimX. Assume that ID'^ is a polydisk in X with 
coordinates (ti, . . . , td), and that its intersection with D is the divisor t\. . .tm = '^- 
Assume that the monodromy of U about the branch = of £> is unipotent for 
each J e {1, . . . , rn\}^ Suppose that 

is a biextension section of v*B defined over the punctured polydisk. The associated 
height function (B*)™ x B''"™ -> R+ is the function 

(tx,...M) H'l0g|^(ti,...,td)|. 

^'^Otherwise, replace it by the power that does extend. In all known examples the power is 1. 
^^This condition is satisfied by the variations H, L and V over jVIg,n- 
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Suppose that P gT and that f{P) is the origin of D''. Suppose that D is a disk 
in T with coordinate t with t{P) = 0. The restriction of / to P is a holomorphic 
arc / : ro -i^ D"^. Set 

:= ord(=o/*ii, j = l,---,m. 
There is a rational number q{ri, . . . , r^), which depends only on the exponents rj, 
such that 

log|/3(/(f))|B~g(ri,...,r„)log|t|. 
One might expect that q{ri,. ■ ■ ,rm) is linear. Surprisingly, this is not the case. 
To better understand this, write 

q{ri ,---,rm) = qo{ri,---,rm)+ j{ri,. .■,rm) 
where qo is the linear function 

m 

qo{ru...,rm) = 

3 = 1 

and 61, . . . , is the standard basis of Z™. We shall call j the jump function of (3 
at P. When j vanishes, the height behaves as expected. Surprisingly, the height 
can jump. I first observed this when trying to understand Moriwaki's inequality, 
as explained in the following example. Although I was aware of height jumping 
through this example, I had no explanation for it. Recently Brosnan and Pearlstein 
[2] have given a complete explanation of this phenomenon. 

For the curve f : T ^ X and P G T, define jp = j(ri, . . . , r™). The jumping 
function determines the jumping divisor. 

Proposition 14.4. The jumping divisor J of u onT associated to f : T ^ X is 
the Q- cycle 

PeT 

on T. 

This is proved, using techniques similar to those described in [23, §8], by consid- 
ering the asymptotics as one approaches P of the length 

of a section s of f*3j^®B^^ that trivializes it over T'. Here | |^ denote the natural 
metric of {u o f)*B over T' and | |t denotes the natural metric on Bt- 

14.3. An example of height jumping. In this example, g > 2>, X = Alg, U is 
the variation V and v is the normal function associated to the Ceresa cycle. Denote 
the Lear extension of v*13 to Mg by Bj^. The main result of [23] implies that 
Ci{Bj^) is the Moriwaki divisor 

Ls/2J 

M := (85 + 4)Ai - fl<5o - ^ Ah{g - h)6h 

h=l 

Let Hg := {[C] e Aig : C is hyperelliptic} be the locus of hyperelliptic curves 

in j\4g. Set Hg = Hg fl J^g. The normal function i' vanishes identically on T-Lg. 
This implies that the line bundle i'*B over Tig is trivial as metrized holomorphic 
line bundle. Consequently, its Lear extension to Hg, which we denote by B^, is a 
trivial as a metrized holomorphic line bundle over Hg. 
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Recall that the boundary Hg — Hg of Hg is a union of divisors 

A;,, l<h< g/2 and S^, < /i < {g - l)/2, 

where is the restriction of the boundary divisor A/i of Mg to T-Lg] where So is 
the divisor whose generic point is an irreducible, geometrically connected hyperel- 
liptic curve with one node; and where H?j, {h ^ 0) is the locus whose generic point 
is a hypcrcUiptic curve with two nodes that are conjugate under the hypcrcUiptic 
involution and whose normalization is the union of two smooth, geometrically con- 
nected hyperelliptic curves, one of genus h and the other of genus g — h—1. Denote 
the class of S/j in H'^{'Hg) by ^h- 

Since B-^ is metrized over A4g — Aq"^^, the restrictions of and to 

ng-[j^h 

h>0 

are isomorphic as metrized line bundles. This implies that 

where j denotes the inclusion Hg M.g and where J is a linear combination of 
the S/j, /i > 0. Note that, since is trivial, 

0{J)^fBj^^O{M)\^^€V\cHg. 
The restriction of the Moriwaki divisor to T-Lg is easily seen to be 

L(9-1)/2J L9/2J 

h=l h=l 

On the other hand, Cornalba and Harris [6] have shown that 

L(9-1)/2J L9/2J 

(8ff + 4)Ai-5Co- 2ih+i){9-h)a-4j2 K9-h)5h = 

h=l h=l 

in Pic'Ht,. Together these imply that 

L(9-1)/2J 
h=l 

It is now easy to construct an example of height jumping. Suppose that f : T 
Mg is a curve whose image lies in the hyperelliptic locus and is not contained in 
Aq. If /i > and if the image of / intersects Eh transversely at a smooth point 
f{P), then the computations above imply that 

jP = 2{h + l){g -h)-2g = 2h{g - h - 1) > 0. 

This implies that 

deg-p M = degrp J > 0. 

Moriwaki's inequality and positivity in Hodge theory suggest that the jumping 
divisor associated to any curve in A4g should be effective. Denote by Jt the jumping 
divisor associated to a morphism f : T ^ Aig whose image is not contained in Aq. 

Conjecture 14.5 (weak form). For all projective curves f : T A4 whose image 
is not contained in Aq, the jumping divisor Jt is effective. 
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This and Conjecture 6.4, if true, imply a stronger version of Moriwaki's inequal- 
ities as, for example, 

degrp M = degrp Bt + deg^ Jt > degj^ Jt > 0. 

This would imply that the degree of Moriwaki's divisor on most curves not con- 
tained in Ao that pass through Aq would be strictly positive as degj^ M would 
be bounded below by the degree of its jumping divisor. 

Similarly, one can conjecture that for all projective curves f : T -^g.i whose 
image is not contained in Aq, the jumping divisor associated to the biextension line 
bundle associated to the normal function section IC of J{M.) is always effective. 

In general, one might hope that in the situation described in Paragraph 14.1, the 
jumping divisor J associated to a curve f : T ^ X whose image is not contained 
in D, is effective. 

Appendix A. Normal Functions over Mg.n 

For completeness, we state the classification (mod torsion) of normal functions 
over Adg^n associated to variations of Hodge structure whose monodromy repre- 
sentation factors through a rational representation of Sp^. It follows quite directly 
from results proved in [15, §8].^^ 

The isomorphism classes of irreducible rational representations of the Q-group 
Spg are indexed by partitions A 

n = Xi + ■ ■ ■ + Xh, Xi > X2 > ■ ■ ■ > Xh, h < g 

of integers n into at most g parts. Denote the local system over Ag that corresponds 
to the partition A by Va- It underlies a Q- variation of Hodge structure of weight 
— |A|, where 

|A| Ai + .-. + A,,. 

These can be pulled back to variations of Hodge structure over Mg^n along the 
period map. Note that HI = V[i] and that V = V[i3](— 1). 

Recall that TA denotes the set of rational (0,0) classes of a Q-Hodgc structure 
A. If A is polarized, then A = TA © (TA)-^ in the category of Q-Hodge structures. 

Theorem A.l. Suppose that 2g — 2 + n > 0. If V is a polarized variation of 
Hodge structure over Mg^n whose monodromy representation factors through a ra- 
tional representation ofSpg, then there is an isomorphism of variations ofQ-Hodge 
structure 

U^0Aa 8)qVa, 

A 

where Ax is the Hodge structure ff°(Al(,,„, Hom(VA, U)). Moreover, if A is a po- 
larized Hodge structure, then 



(i) ExtMHS(Xg,, 

(ii) ExtMHS(M<,,, 

(iii) ExtMHS(A^<,,, 

(iv) ExtMHS(Mg,, 
(v) Ext|v|HS(M<,,, 



Q(0), A\ (g) Yx) vanishes unless A = [1] or A 

^ (g) H) vanishes when TA = 0. 
H) has basis /Ci, . . . , /C„, 
A (g) V) vanishes when TA = 0, 
V) is one-dimensional, spanned by v. 



^^Note that there are two typos on page 121. Line 4 should begin AimVH^iT^ j., V(A)), and 
there is a 2 missing from the right-hand side of Une —7. 



42 



RICHARD HAIN 



Crudely stated, this result says that all normal functions over Aig^n associated 
to variations of Hodge structure that arc representations of Sp^ can be expressed, 
modulo torsion, as rational linear combinations of the basic normal functions v and 
JCi, . . . , /C„. For example, {2g — 2)5 = K^j — K,k- 

Appendix B. The Big Picture 

The philosophy behind this work is that a significant amount of the geometry of 
Mg^n is encoded in the category MHSg of those admissible variations of Z-MHS 
over M.g^n whose weight graded quotients are subquotients of Tate twists M®'^{d) 
of tensor powers of the fundamental local system 

H := i?i7r,Z(l) 

associated to the universal curve tt : C — >■ M.g,n- The normal functions discussed in 
this paper are objects of MHS(,,„. 

The pure objects of MHSg_„ are the variations of Hodge structure that cor- 
respond to the irreducible representations of the group GSpg of symplcctic simili- 
tudes.^^ These are all pulled back from variations of Hodge structure over Ag along 
the period mapping Mg^n Ag. Theorem A.l implies that the only non-trivial 
extensions between these (mod torsion) are of the form 

(14) O^Vb^-E^-Va^O 

where the weights Wa and Wh of the pure variations and satisfy Wa = 1 + Wa- 
This is because the extension (14) is determined by the extension 

^ Homz(Va, Vb) ^ E' ^ Zai,.„ (0) ^ 

obtained by applying Homz(Va, ) to (14) and then pulling back along the identity 
Z(0) — > Homz(Va, Va). That is, the 1-extensions in MHSg,„ correspond to normal 
functions (mod torsion) over M.g^n- 

The question arises as to how one can understand MHS(,,„. A first approxima- 
tion is to understand the monodromy representations of objects of MHSg^„. The 
(orbifold) fundamental group of Adg,n is the mapping class group: 

T^i{Mg.n, [C; P]) - Tc,P := Diff+(C, P), 

where P = {xi, . . . , a;„} and ttq Diff'''(C, P) denotes the group of connected com- 
ponents of the group of orientation preserving diffeomorphisms of C that fix P 
pointwise.^* The action of Fc^p on iIi(C, Z) induces a homomorphism 

p : Fc,p -)■ Aut (iIi(C,Z), intersection form) =: Sp(ifi(C,Z)) ^ Spg(Z) 

which is well known to be surjectivc. Its kernel is the Torelli group, Tc,p- 
Because each object V of MHSg.„ is filtered by its weight filtration 

• ■ • C Wj-iY c WjY c Wj+iY c • • • 

where each Gr^V := WjV /Wj-iN is a pure variation of Hodge structure, the 
Zariski closure (over Q) of its monodromy representation 

Pv ■■ rc,p Aut(Vc,p) 



^•^This is well known. An explanation can be found in [19, §8.1]. 
^^This group depends only on g and n and is often denoted by Tg^> 
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is an extension 

l^Uv^Gv^ Sp{Hi{C)) 1 
of algebraic Q-groups where Uv is unipotent. It is thus natural to consider all 
Zariski dense representations Tc,p — >■ G(Q) where G is a Q algebraic group that 
is an extension of Sp(iJi(C')) by a unipotent group and where rc,p G ^ 
Sp(-ffi(C)) is the standard representation p. These form an inverse system. Their 
inverse limit is known as the completion ofTc,p relative to p\ it is studied in [16]. 
The relative completion of Tc,p with respect to p is an extension 

1 ^ Uc,p ^ Qc,p ^ Sp(ifi(G)) ^ 1 

of afRne Q-groups, where Uc,p is prounipotent. There is a canonical homomorphism 
Tc,p — ^c,p(Q)- Denote the corresponding sequence of Lie algebras by 

(15) ^ uc,p ^ 0c,p ^ s^{Hi{C)) ^ 0. 

It is proved in [17] and [16] that for each choice of a base point [C, P] of the 
sequence (15) is a short exact sequence of Lie algebras in MHS. 

Define a Hodge representation of Fc p to be a MHS V and a pair of representa- 
tions : Tc,p — >■ Autz V and (j) '■ Qc,p Aut V such that the diagram 

Tc,p ^AutzV 



^'c,p(Q) — ^ AutQ V 

commutes and the induced homomorphism dcj) : Qc,p EndF is a morphism of 
MHS. The main result of [21] implies that MHSg.„ is equivalent to the category 
of Hodge representations of 0c,P) a statement informally conjectured by Deligne. 
Because of this, extensions in MHSg,„ are determined up to isogeny by Lie algebra 
cohomology via the following isomorphisms (cf. [20, Cor. 3.7]): 

ExfMHs„„(Q(0),V) ^ H'{gc,P,Vc,p) ^ H%uc,P,Vc,Pr'^"'^''^\ 

Although Theorem A.l was originally proved by a direct argument, it is most 
natural to regard it as a consequence of this general result and known facts about 
the cohomology of mapping class and Torelli groups. 

The relevance of the algebra A* „ defined in the introduction is that there is a 
natural Sp^-equivariant algebra homomorphism 

H'{uc,p)^Al^ 

which is an isomorphism in degrees and 1 and injective in degree 2. The construc- 
tion is described in [17] in a more general context. The algebra T*„ is simply the 
subalgebra of A* „ generated by the image of -ff^(u) — that is, by normal functions. 

The coefficients the boundary component 5^, {h > 0) in the formulas in Sec- 
tion 10 are determined by the image in the second weight graded quotient of uc,p 
of the Dehn twist corresponding to a loop about A^. The coefficients of 5^ can 
be determined similarly, although one has to work with the appropriate relative 
weight filtration. 

One remaining question is whether more information can be obtained by consid- 
ering other natural categories of MHS over M.g^n (possibly with a level structure), 
such as the category of variations of MHS obtained from the Prym construction. 
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At present not enough is know about the topology of the Prym construction to 
understand this problem, although recent progress has been made by Putman [37]. 
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